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Contents of the thesis

Electromagnetic waves with frequency in the Terahertz(THz) region(wavelength be-

tween 30µm and 300µm) are an ideal tool for the investigation of the optical proper-

ties of many biological systems and materials, since several molecules and solids, like

for example semiconductors, present characteristic resonances in this spectral region.

Two important factors pose a challenge to the development of optical techniques

aimed to perform material analysis or imaging in the THz range: the diffraction limit

and the lack of efficient, compact detectors.

The diffraction limit implies, in conventional optical imaging techniques, a spatial

resolution approximatively given by λ
2

(where λ is the wavelength), which corre-

sponds to the 101 − 102µm-order in the THz region. This physical limit prevents

the direct analysis of structured materials on nanoscopic scale, like quantum dots

and nanocomposites, electronic components like nanotransistors and memory cells,

or biological systems like molecules and proteins.

In order to obtain a subwavelength spatial resolution, a succesful effort has brought to

the development of techniques where the diffraction limit is circumvented. They are

named scanning near-field optical microscopy(SNOM) techniques, and in the section

1.2 of the Chapter 1 of this work an overview about these methods is presented. In

particular the variant called scattering-type near-field optical microscopy(s-SNOM) is

analyzed in detail, by also introducing the relevant models which are used to achieve

a mathematical description of the technique.

xv



xvi CONTENTS OF THE THESIS

In s-SNOM a laser beam illuminates a nanometric probing tip placed in proximity of

the analyzed specimen surface. The circumvention of the diffraction limit occurs be-

cause the near-field interaction between sample and probe is mediated by evanescent

fields, which are not subject to the diffraction. The interaction modifies amplitude

and phase of the light scattered by the probe and subsequently detected by far-field

methods.

In s-SNOM the spatial resolution is λ independent and is determined only by the

probe apex radius of curvature, reaching the 10 nm-order when an Atomic Force Mi-

croscope(AFM) tip is exploited.

In a conventional s-SNOM configuration the scattered light is collected into an exter-

nal detector. As we already mentioned, the second limitation for the development of

optical imaging and anaysis methods in the THz region is the insufficient availabil-

ity of suitable detectors. This problem can be solved by exploiting the source itself

as detector. This is the concept on which the laser interferometry technique named

Self-Mixing Interferometry(SMI) is based.

In a typical SMI scheme the light emitted by a laser(generally a semiconductor laser)

is scattered by a target and reinjected into the cavity, inducing a variation in the

emission properties(emission frequency, output power) of the source. The process is

due to the coherent superposition of the laser field and the reinjected, delayed, one;

hence the term ’interferometry’. Analyzing the change in the emitted power or in the

voltage across the laser medium terminals due to the reijected field(optical feedback)

it is possible to retrieve informations about the target.

This work concerns a theoretical and numerical study about a detectorless method

for the analysis of a resonant medium with subwavelength spatial resolution in the

region of THz which exploits the combination of s-SNOM with SMI. This technique is

named Self Detection Scattering-type Near-Field Optical Microscopy (SD s-SNOM)
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and our study is aimed to develope original methods for the retrieval of the dielectric

function for a resonant material, by considering a SD s-SNOM scheme.

In the analyzed configuration the considered source is a Quantum Cascade Laser(QCL)

emitting in the THz region and the probe interacting with the sample is an AFM tip.

In Chapter 1 of this work an overview about SMI is first presented, with the develop-

ment of the mathematical description of the technique, based on the Lang-Kobayashi

model. In the second part of the chapter, as we already mentioned, imaging sub-

wavelength methods, and in particular s-SNOM, are introduced and described. The

third part of the chapter focuses on the description of SD s-SNOM. The experi-

mental configuration is presented and explained, and subsequently the mathematical

treatment, based on the introduction of a complex scattering coefficient in the Lang-

Kobayashi model, is developed in detail. The scattering coefficient, defined as the

ratio between scattered and incident field on the tip, carries the information about

the sample properties, therefore it must be preliminarly retrieved in order to extract

the dielectric function of the material. The fourth and fifth part of Chapter 1 concern

respectively the Cesium Bromide, a material resonant in the THz region which will

be analyzed in the simulations, and the two feedback regimes considered in this work,

i.e. the very weak regime and the weak regime.

In Chapter 2 the very weak regime is studied theoretically and numerically. This

regime is characterized by negligible variations in the laser frequency induced by the

optical feedback and this allows an analytic reconstruction of the scattering coefficient.

The retrieved method gives good results and requires only two signal experimental

measurements to be performed.

In the third chapter a mathematical treatment aimed to determine the scattering

coefficient in the weak feedback regime is performed. In this regime the fraction of

reinjected field is higher than in the very weak, so that a higher Signal to Noise Ratio
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may be achieved. Significant variations in the laser frequency are induced and a dif-

ferent mathematical approach is considered. We obtain analytic reconstructions for

the scattering coefficient and also relations which can not be explicitly solved, but

need a numerical resolution. The first order reconstruction results preferable accord-

ing to the simulations, since it gives results equivalent to the second order one, but

it exploits less signal measurements.

Chapter 4 concerns the retrieval of the dielectric function of the sample resonant

material by exploiting the reconstructions of the scattering coefficient presented in

the previous chapters. We obtain good results for some regimes. For higher feedback

strength, corresponding to the border of the definition of weak regime, numerical

problems occur in the reconstruction, which will require future refinings.



Chapter 1

Introduction

1.1 Self-Mixing Interferometry

In optical communication systems, the transfer of information can be affected from

back-scattered light by optical fibers, which modifies the emission properties of the

source. This aspect, which was first considered as a problem, revealed the possibility

to use lasers as sensors, getting informations about external environment. The non-

linear superposition between the back-scattered field, which carries the information

about the scattering target, and the field inside the cavity changes the laser thresh-

old, emission frequency and output optical power. This phenomenon is called Self-

Mixing and its application to retrieve informations about the external environment

is called Self-Mixing Interferometry(SMI) or Optical Feedback Interferometry(OFI).

Self-Mixing has been reported in most types of lasers, like gas lasers, semiconduc-

tor laser diodes, vertical-cavity surface-emitting lasers (VCSELs), quantum cascade

lasers (QCLs), fiber lasers, solid-state lasers and quantum dot lasers[1]. In this section

we will focus on the study of optical feedback in semiconductor lasers. The interfero-

metric signal can be retrieved by measuring the changes in the output optical power

of the laser using a photodetector, usually included inside the laser package. In laser

1



2 CHAPTER 1

diodes and in QCLs it is possible to measure the interferometric signal directly from

the voltage across the laser terminals.

In the first part of this section we introduce the Lang-Kobayashi model, a system of

delayed differential equations which describes time evolution of the optical field and

carrier density in the laser in presence of optical feedback from an external reflector.

The calculation of steady-state solutions of the system, which have a fundamental role

in this work, is explicitly performed. Furthermore the behaviour of the laser and the

shape of interferometric signal are strongly dependent from the level of feedback, i.e.

the fraction of the emitted field which is actually recoupled into the cavity. Therefore,

different feedback regimes are classified, and an overview about these regimes is pre-

sented. In the last part of the section the main applications of Self-Mixing, focusing

on those aiming to retrieve informations about the optical properties of materials, are

considered.

1.1.1 Lang-Kobayashi model

In 1980 Lang and Kobayashi proposed a theoretical model to describe the effect of

weak optical feedback on semiconductor laser diodes. This model exploits the idea

to modify rate equations for a single mode laser diode, adding a time-delayed field

term in the equation for the electric field, which represents the field back-reflected by

the external mirror[2]. In this model the electric field is a complex function, which is

assumed to be the product of a time-dependent slowly-varying envelope E(t) and an

Figure 1.1: External cavity configuration: ER is the delayed, reflected field.
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oscillating term eiω0t , where ω0 is the frequency of the emitted radiation in absence

of optical feedback.

In figure 1.1 the basic scheme of Self-Mixing is represented. The configuration is

composed by the laser cavity, with two mirrors with reflectivity R1 and R2, and a

target with reflectivity R3. The presence of the target determines the existence of an

external cavity. Let us consider at this point the rate equation for the electric field

envelope, which is given by [2]

d

dt
E(t)eiω0t =

{
iωN(n) +

1

2
(G(n)− Γ0)

}
E(t)eiω0t + κ̃E(t− τ)eiω0(t−τ) (1.1)

where ωN(n) is the longitudinal mode frequency, expressed by ωN = Nπc
ηl

. N is an

integer, c is the velocity of light, l is the length of the laser cavity, and η is the

refractive index of the laser medium, which depends on the carriers density n. G(n)

is the carriers density-dependent optical gain, Γ0 is the cavity losses term, κ̃ is a

coupling coefficient and the round-trip time of the light through the external cavity

τ is given by:

τ =
2L

c
(1.2)

where L is the laser-target distance. The first term in the right hand side of the

equation 1.1 describes the coupling between phase and amplitude of the field: changes

in the amplitude determine changes in the carrier density, which in turn cause changes

in the refractive index of the medium and therefore in ωN . The second term takes

account of stimulated emission and cavity losses. These first two terms are already

present in conventional laser diodes rate equation for the field. The presence of the

feedback is included with the addition of the third term, which is the product of

a feedback coefficient κ̃(which represents the coupling between the intracavity field

and the reinjected field) and a time-delayed electric field term, which carries the

informations about the diffuser target. We now derive the explicit expression of κ̃,

considering the external cavity configuration. Eie
iω0t is the incident field on the right
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laser mirror, with reflectivity R2, and Ere
iω0t is the total reflected field from the same

mirror in presence of optical feedback. We can write:

Ere
iω0t =

[√
R2 + (1−R2)

√
R3e

iω0t
]
Eie

iω0t (1.3)

The reflectivity of the right mirror in presence of feedback is:

reff =
Er
Ei

=
√
R2(1 + ae−iω0τ ) (1.4)

where a = (1−R2)
√

R3

R2
.

We can now retrieve the cavity loss in presence of feedback, using the conventional

expression for laser diodes:

Γ = Γw−
c

ηl
ln
[
reff

√
R1

]
= Γw−

c

ηl
ln
[√

R1R2(1 + ae−iω0τ )
]

= Γ0−
c

ηl
ln(1+ae−iω0τ )

(1.5)

where Γw is the waveguide loss and Γ0 is the cavity loss without feedback. If we

compare the total loss term with equation 1.1 we can write:

1

2
ΓEeiω0t =

1

2
Γ0Ee

iω0t − κ̃E(t− τ)eiω0(t−τ) (1.6)

and for a� 1 we have:

κ̃ =
c(1−R2)

√
R3

R2

2ηl
=
a

τc
(1.7)

where τc is the laser cavity roundtrip. Let’s consider, at this point, the rate equation

for carrier density:

dn

dt
= −γn−G(n) |E|2 +

J

ed
(1.8)

where γ is the inverse of carrier lifetime, J is the injection current density, e is the

electronic charge, d is the active region thickness and n0 is the transparency carrier

density. G(n) is assumed to have a linear dependence from the the carrier density[3]:

G(n) = Gn(n− no) (1.9)
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The first term of the right hand side describes the loss of carriers, the second term is

connected to stimulated emission and the third term describes the pumping process,

with the injection of carriers.

We can notice that the equations 1.1 and 1.8 are coupled: the feedback term influences

also the carrier density.

It is possible to rewrite the equation 1.1 in terms of the alpha factor, including

explicitly the carrier density dependence of ωN . In [3] the calculation is developed

with details. The final result is:

dE(t)

dt
=

1

2
(1 + iα)Gn(n(t)− nth)E(t) + κ̃E(t− τ)e−iω0τ (1.10)

where nth is the threshold carrier density and α is defined as:

α = −2ωth
ηth

(
∂η
∂n
∂G
∂n

)
(1.11)

where ηth and ωth are respectively the refractive index and the laser frequency corre-

sponding to the threshold carrier density nth.

1.1.2 Steady state solutions of the Lang-Kobayashi equations

In this paragraph we want to determine the steady state solutions of the Lang-

Kobayashi model. Let’s first express the field E(t) in term of module E0(t) and

phase φ(t):

E(t) = E0(t)eiφ(t) (1.12)

The equation 1.1 can be rewritten as two equations for module and phase of the field:

dE0(t)

dt
=

1

2
Gn(n(t)− nth)E0(t) + κ̃E0(t− τ)cos (ω0τ + φ(t)− φ(t− τ))(1.13)

dφ(t)

dt
=

α

2
Gn(n(t)− nth)− κ̃

E0(t− τ)

E0(t)
sin (ω0τ + φ(t)− φ(t− τ)) (1.14)

The steady states solutions are retrieved by imposing E0(t)=E0(t− τ)=Es, n(t)=ns

and φ(t)=(ωs-ω0)t into equations 1.13, 1.14 and 1.8, so that the derivatives of n(t)
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and E0(t) are set to zero, and the derivative of φ(t) is set to ωs-ω0. ωs describes the

steady state laser frequency.

We start from the equation 1.13 to retrieve the steady state carrier density:

0 =
1

2
Gn(ns − nth)Es + κ̃Escos (ω0τ + (ωs − ω0)t− (ωs − ω0)(t− τ)) =

=
1

2
Gn(ns − nth)Es + κ̃Escos (ωsτ) (1.15)

and we obtain:

ns = nth −
2κ̃

Gn

cos(ωsτ) (1.16)

At this point we want to express ωs. We substitute the equation 1.16 in the equation

1.14 after imposing the steady state conditions, and using β̃=arctan(α):

ωs − ω0 =
α

2
Gn

[
− 2κ̃

Gn

cos(ωsτ))

]
− κ̃sin(ωsτ) =

= −ακ̃cos(ωsτ)− κ̃sin(ωsτ) =

= κ̃
[
−tan(β̃)cos(ωsτ)− sin(ωsτ)

]
=

= − κ̃

cos(β̃)

[
sin(β̃)cos(ωsτ) + cos(β̃)sin(ωsτ)

]
=

= − κ̃

cos(β̃)
sin(ωsτ + β̃) (1.17)

Then, we obtain:

ωs = ω0 − κ̃
√

1 + α2sin (ωsτ + arctan(α)) (1.18)

The equation 1.18 espresses the mode frequencies of the laser in presence of the

external cavity. As ωs appears in the left-hand side and in the right-hand side of the

equation 1.18, from a mathematical point of view, the steady-state emission frequency

in presence of feedback is defined by an implicit function.

Multiplying both members of the equation 1.18 by τ and defining

C = κ̃τ
√

1 + α2 (1.19)
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we obtain:

ωsτ = ω0τ − Csin (ωsτ + arctan(α)) (1.20)

Equation 1.20 is called the Phase Excess Equation. In the next sections we will see

that the dimensionless parameter C has an important role in the classification of

different feedback regimes.

Finally, we substitute the expression of ns given by the equation 1.16 into the Equation

1.8, after imposing the steady state conditions, and we retrieve the photon density:

Ps = |Es|2 =
1

Gn(ns − n0)

(
J

ed
− ns
τs

)
(1.21)

Equations 1.16,1.18 and 1.21 are the steady state solutions, also called continous wave

solutions, of the Lang-Kobayashi model.

1.1.3 Interferometric Signal

In this paragraph we want to show explicitly how Self-Mixing effect can be exploited

to develope an interferometric measuring apparatus. Let us consider the external

cavity configuration showed in Figure 1.1 and let us reassume the effects of the optical

feedback on the semiconductor laser emission. The back reflected field interferes with

the intracavity field and the result of the superposition is strongly dependent on

the phase of the reinjected field, and on the round trip time delay in the external

cavity. The interference produces a variation of the semiconductor laser threshold

condition. If the pump injection current is held constant, the emission power of the

laser and the carrier density in the laser medium change because of the variation of

the threshold condition. Also the emission frequency of the laser is varied, because

of the Phase Excess Equation 1.20. The following expression for the power emitted

by the semiconductor laser in presence of feedback can be assumed:

P (Φ) = P0 [1 +mF (Φ)] (1.22)
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where Φ is the interferometric phase given by Φ=2kL=τkc, with k=2π/λ, m is a

modulation index, F(Φ) is a periodic modulation function of the interferometric phase

and P0 is the emitted power without reinjection of light. The modulation of the

emitted power is the interferometric signal used to retrieve informations about the

diffuser target. We will focus on the applications of SMI in the subsection 1.1.5.

The value of m and the shape of F(Φ) depends on the feedback parameter C. We

want to consider a slightly different expression for C, compared with the equation

1.19. Let’s first introduce the factor κ, which is the fraction of back-reflected field

that efficiently couples with the lasing mode, given by:

κ = εa = ε(1−R2)

√
R3

R2

(1.23)

where ε is a coefficient introduced for the first time in [4] to account for the possible

overlap mismatch between back-diffused field and intracavity field. Then we redefine

C as:

C =
κτ
√

1 + α2

τc
(1.24)

Using the continous wave solutions of Lang-Kobayashi model it is possible to retrieve

an analytic expression for m and F(Φ):

m = C
2τpc

L
√

1 + α2
(1.25)

F (Φ) = cos

[
ωs (Φ)

Φ

2π

λ0

c

]
(1.26)

where τp is the photon lifetime within the cavity. Now we can explicitly notice the

dependence of F(Φ) on the parameter C: the emitted frequency ωs is obtained solving

the phase excess equation, i.e. the equation 1.20, where C appears. Therefore, the

shape of the interferometric signal depends on the portion of radiation which re-enters

into the laser cavity.

In figure 1.2 different plots of the modulation function are shown for different values
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Figure 1.2: Plot of the power modulation function F(Φ) for different values of the

parameter C: a) C=0.1; b) C=0.7; c) C=1; d) C=3; e) C=6. From Ref.[3]

of C. It is possible to notice that for C≤ 10−1 the function has a sinusoidal shape,

while for C=0.7 F(Φ) is asymmetric but single-valued and for C>1 the function

is multivalued. In the next subsection we will rigorously define a classification of

feedback regimes, based on the values of C and on the shape of the interferometric

signal.

1.1.4 Feedback regimes

The classification of the feedback regimes is realized considering different ranges of

values for the dimensionless parameter C. The interferometric signal has different

characteristics and shape for each regime.

• C � 1 - very weak feedback regime. This regime is characterized by a single

emission frequency and the power modulation function F(Φ) is a cosine. In this

regime the approximation ωs ≈ ω0 is used.

• 0.1 < C < 1 - weak feedback regime. The power modulation function F(Φ) is
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distorted compared with the previous case. Also in this regime there is a single

emission frequency.

• 1 < C < 4.6 - moderate feedback regime. This regime is characterized by mul-

tiple emission frequencies and interferometric signal has a sawtooth-like shape.

F(Φ) becomes a multivalued function and three possible frequencies exist in this

case.

• C > 4.6 - strong feedback regime. F(Φ) is five-valued.

1.1.5 Applications

In the previous subsections we explained how a semiconductor laser subsected to

optical feedback can be exploited to have an interferometer. In this subsection we

will illustrate several applications of Self-Mixing Interferometry.

Displacement measurement

The first application that we want to treat, is the measurement of displacements[5]. It

is possible to realize a displacement sensor operating in the moderate feedback regime,

so that the self-mixing signal (the modulation of the emitted power or the voltage

across the laser terminals) is sawtooth-like. This happens because the function F(Φ)

is three-valued in this regime. Fast transitions are observed each time the target is

displaced by λ/2, and the sign of the transitions depends on the target direction of

motion. Therefore, target displacement can be determined with λ/2 resolution and

it is possible to retrieve the direction of motion simply observing the shape of the

interferometric signal, or the sign of its derivative. In figure 1.3 a block scheme for an

interferometer used to perform measurements of displacements is shown. Typically,

in displacement sensors based on SMI, there is an element performing an analogue
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Figure 1.3: Block scheme for a displacement measuring interferometer based on Self-

Mixing[3].

derivative of the signal. By counting the occurrence of negative and positive pulses,

the up and down counts are obtained, and the displacement of the target is retrieved.

Velocity measurement

Let’s consider another application of SMI: the measurement of velocity of solid targets

and fluids[6]. Velocity measurements were performed, using the self-mixing effect,

before than displacement ones: in presence of a moving target, the signal can be

directly linked to the coherent mixing, within the laser cavity, of the intravity field

and the Doppler-shifted light back-diffused by the target. In fact, for a target moving

with constant velocity v, the photocurrent signal can be written as:

ISM(t) = I0

{
1 +mF

[
2π

(
2v

c
t

)]}
(1.27)

where the term within the square parentheses is the Doppler frequency shift. Op-

erating in the weak regime, it is possible to retrieve the sign of velocity considering

the asymmetry of the function F(Φ). The measurement of the speed of a rotating or

translating diffusive target, such as a disc, results very interesting from an applica-
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tion point of view. In figure 1.4 some schemes of velocity measurements are shown.

Figure 1.4: Basic schemes for velocity measurement of a) drum, b) disc, c) transver-

sally moving slab[3].

It should be specified that velocity measurements performed using the Doppler fre-

quency approach are achievable if the angle between the laser beam and the normal

to the moving surface is larger than zero.

Velocity measurements of fluids using SMI have been performed, with several inter-

esting applications, for example to blood flow analysis, both in vitro and in vivo.

Vibrometry

In the applications of SMI for vibration measurements, the detection of zero-mean

displacements is performed[7]. Measurements with vibration frequencies up to a few

tens of MHz are achievable. If the vibration amplitude is much larger than λ/2, the

fringe counting technique described in the paragraph about displacement measure-

ments, can be applied. When a resolution better than λ/2 is required, a different

approach is used, operating in the moderate regime(C>1). The principle, graphically

explained in Figure 1.5, exploits the operation in the moderate feedback regime (with

C > 1) and on locking of the interferometer phase to the half-fringe position. Using
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Figure 1.5: Principle of measurement of vibrations in the moderate feedback regime

by locking the interferometer phase to the half-fringe position. The vertical axis

represents the emitted power; the horizontal axes represent interferometric phase and

target displacement[3]

.

a feedback loop acting on the semiconductor laser wavelength, low-frequency phase

fluctuations can be cancelled out, so that it is possible to transduce vibrations into

an electrical signal.

Distance measurement

The measurement of the absolute distance between a semiconductor laser and a target,

in a SMI configuration, is achievable by modulating the injection current of the laser

with a triangular waveform[3]. Current modulation implies an emission wavelength

modulation. Therefore, the wavenumber varies by the amount ∆k=−2π∆λ
λ2

, where

∆λ is the peak-to-peak wavelength variation, so that the interferometric signal shows
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several fringes. In the figure 1.6 a typical self-mixing signal used to determine a target

Figure 1.6: Example of Self-Mixing signal characterized by triangular waveform mod-

ulation and the presences of fringes. The vertical axis represents a voltage propor-

tional to the power emitted by the laser; the horizontal axis represents the time.

absolute distance is shown. The fringes have a step-like shape, but it is possible to

count them more easily calculating the derivative of the signal. By counting the

fringes the absolute distance can be retrived using this formula:

s =
λ2

2∆λ
N (1.28)

where s is the absolute distance and N is the number of fringes.

Furthermore, simultaneous measurement of multiple target displacements has been

demonstrated by using a SMI configuration[13],[14], and also simultaneous measure-

ment of linear and transverse displacements of a moving stage has been performed[15].

Applications to optical imaging

Self-Mixing Interferometry is also used to retrieve informations about optical proper-

ties of materials and analyze them. Relevant applications in this area were recently
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developed to perform materials analysis in the region of Terahertz, since several sam-

ple species, like for example semiconductors, have characteristic phonon resonances

in this spectral region. We should necessarily consider this kind of SMI applications,

because this work concerns an imaging technique on nanoscopic scale in the region of

Terahertz, aimed to retrieve informations about dielectric function of resonant mate-

rials.

In [8] a materials analysis scheme at Terahertz frequencies based on the Self-Mixing

Interferometry exploiting quantum cascade lasers is demonstrated. This method in-

volves a small linear frequency sweep applied to the laser. The resulting interfero-

metric signal carries the information about the complex refractive index of the target,

which can be finally retrieved through model fitting and system calibration.

In [9] an imaging technique in the THz region is reported, which exploits the Self-

Mixing effect and a scattering probe having a near-field interaction with the material

sample. The details of the technique will be provided in section 1.2. In figure 1.7 the

Figure 1.7: Schematic diagram of the experimental system exploited in [9]. S: Sample;

NP: needle probe mounted on piezoelectric transducer; CS: current source; LA: lock-in

amplifier; SG: signal generator.[9]
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experimental setup is shown. Radiation from the QCL is focused onto the tip of the

scattering probe using a parabolic reflector. The diffused radiation is then reinjected

into the QCL cavity. This imaging scheme allows spatial resolution on micrometer-

scale(∼ λ /100), because the diffraction limit is circumvented. A better resolution in

Figure 1.8: Scheme of the experimental setup exploited in [10]. [10]

a similar configuration is achieved in [10]. Also in this case a QCL is used as source

and detector in SMI scheme, but the scattering probe is a metallic tip connected to a

fork, as shown in figure 1.8. The spatial resolution is determined by the apex radius

of the tip, and its values is 78 nm(∼ λ /1000).

Recently, phase-resolved imaging on a 101nm scale in resonant materials with a THz

QCL has been shown[11],[12].

Other applications

In the previous paragraphs we illustrated several applications of self-mixing interfer-

ometry. Other applications of this technique can still be considered.

SMI can be useful to retrieve some relevant operating characteristics and param-

eters of the semiconductor laser, such as linewidth[16] and linewidth enhancement

factor[17],[18].
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Furthermore, also mechatronics applications[19] and measurements of strain[20] have

been reported.

1.2 Scattering-type Near field Optical Microscopy

The importance of light as source of information about the external environment

has led to the development and improvement of various imaging techniques. Optical

imaging methods present several advantages, since they are reliable, fast and inex-

pensive and also contactless and noninvasive. All these advantages are accompanied

by a fundamental drawback: the diffraction of light limits the spatial resolution due

to the wave-like nature of electromagnetic radiation. Due to diffraction, the image

of a point source of light produced by an optical microscope is a pattern consisting

of concentric bright and dark rings, known as Airy disk(Figure 1.9). According to

Figure 1.9: Airy disk: intensity distribution in the image plane of a point source [21]

.

Rayleigh criterion[22], two point sources are considered just resolved when the central

maximum of the first source’s Airy disk coincides with the first zero of the second

source’s Airy disk.

Ernst Abbe[23] retrieved a mathematical relation between the smallest distance ∆xmin
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between two point sources and the light wavelength λ, according to Rayleigh criterion:

∆xmin = 0.61
λ

nsinθ
(1.29)

The factor of 0.61 is a consequence of the use of Rayleigh criterion in the calculation.

Therefore, the resolution obtainable with visible light doesn’t allow the application

of conventional optical imaging techniques to objects on nanoscopic scales, like for

example quantum dots or nanotransistors. The use of X-rays and ultraviolet light is

theoretically possible, but several practical problems may prevent it.

The demand for a better spatial resolution has led to the development of numerous

alternative imaging techniques which circumvent the diffraction limit. The scattering-

type scanning near-field optical microscopy (s-SNOM), which will be considered and

described in detail in this section, is a nondestructive optical imaging technique which

circumvents the diffraction limit with the aid of a sharp probing tip placed in the

proximity of the material sample surface. The tip, which has a near-field interaction

with the specimen, is illuminated by a focused laser beam and the scattered light is

collected and recorded. The processing of the detected signal enables to retrieve infor-

mations about the optical properties of the sample. The resolution is independent of

the light wavelength, and is determined only by the radius of curvature of the probing

tip. Therefore an optical map of the sample is achievable. In this section an overview

about several high resolution imaging methods is firstly presented. Then, we focus

specifically on s-SNOM and the mathematical modelling of the tip-sample interaction

is developed and explained. Furthermore, the role of background is considered and

an overview about the applications of this technique is finally presented.

1.2.1 Subwavelength imaging techniques

Let us consider the family of high resolution imaging techniques known as Scanning

Probe Microscopy (SPM). The different SPM techniques exploit sharp probing tips
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to scan the surface of the specimen, reaching spatial resolutions on the nanoscopic

scale.

The SPM was founded with the invention of the Scanning Tunneling Microscope(STM)

in 1981 by G. Binnig and H. Rohrer[24],[25]. In STM the tunneling current between

probe and sample surface is measured. Therefore, this technique is applicable to ma-

terials with a relevant conductivity.

The Atomic Force Microscope (AFM), was developed to enable an imaging indepen-

dent of the sample conductivity[26]. In this kind of microscope, the probing tip is

attached to a small cantilever which deflects in response to the variations in the in-

teraction force between the tip and the surface of the specimen. This microscope is

particularly relevant in this work, because the considered configuration exploits an

AFM tip as diffuser probe interacting with the sample.

Let us consider the first optical probing technique based on the same principles of

SPM. The first idea, proposed by Synge in 1928(before SPM development), is a high

resolution optical imaging method which exploits a small aperture in an opaque screen

and has brought to the development of a technique named aperture- Scattering-type

Near-field Optical Microscopy (aperture-SNOM). In this scheme the aperture is placed

in proximity of the specimen, preventing the effects of diffraction to become relevant

before the transmitted light reaches the sample surface. This idea has led to the

use of probes with an opening at their end for optical imaging[27], as shown in figure

1.10. The most common ones are metal-coated single-mode optical fibers with a small

opening at their end[21].

The resolution increases as the aperture is made smaller, but simultaneously the

transmissivity of the aperture decreases, as the Fourier optics proves, affecting rele-

vantly the Signal-to-Noise Ratio. Therefore the spatial resolution is limited to λ/10.

The first theoretical suggestion for a wavelength-independent method was made by
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Figure 1.10: Basic scheme of aperture-SNOM [21].

Wessel in 1985[28]. This method is based on field-enhancement by a small particle,

illuminated by an incident radiation beam, placed in proximity of the sample. Wes-

sel’s idea was practically implemented in 1994 by substituting the particle with an

AFM tip[29]. The basic scheme of the apertureless-SNOM configuration is shown in

figure 1.11. A light beam illuminates the probe which interacts with the specimen.

The interaction is mediated by the evanescent fields and the resolution is complete-

ley wavelength-independent. It only depends on the tip-apex radius, on the order of

10 nm. The interaction influences amplitude and phase of the radiation diffused by

the probe and subsequently detected by far-field methods. Therefore, it is possible

to retrieve the informations about the specimen. This SNOM variant is also called

scattering-type SNOM(s-SNOM).

In s-SNOM the main scattering contribution is given by elastic scattering[21]. Raman

scattering has been shown[30] and, if the field is strong enough, also second harmonic

generation occurs[31]. Furthermore, single and two-photon fluorescence have been
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Figure 1.11: Basic scheme of apertureless-SNOM [21].

reported in apertureless-SNOM scheme[32].

The main obstacle for the application of this technique is the large presence of back-

ground scattering, due to the fields scattered/reflected by the tip shaft, sample surface

and other nuisances. This part of the back scattered signal is not related to near-field

interaction and therefore does not carry information about the material specimen.

The technique contrast is then largely effected, and big effort has been done to re-

duce the influence of background in s-SNOM configurations.

In the next subsection this high resolution imaging technique is analyzed in detail,

with focusing on its functional units.

1.2.2 Scattering-type Near field Optical Microscopy

Let’s consider a s-SNOM experimental setup, which is shown in figure 1.12. We want

to consider each unit of this configuration, underlining its function and importance

for the performing of the imaging technique. In the shown scheme, the light source
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Figure 1.12: Experimental configuration for s-SNOM[21].

is a CO2 laser, emitting in the mid-Infrared range. This thesis concerns an optical

imaging technique based on near-field microscopy for analysis of materials in the

region of Terahertz, exploiting a Quantum Cascade Laser as light source. Therefore,

it is necessary to underline that the figure 1.12 shows a generic s-SNOM scheme,

not the configuration analyzed and studied in this work, which specifically presents

fundamental differences in the detection part. On the left-hand of the figure, an

atomic force microscope(AFM) is placed close to the sample surface, which represents

the core upon which the s-SNOM setup is built. It consists of a piezoelectric scanner,

which typically reaches nanometer precision in the x- and y-directions, and angstrom

precision in z-direction. Its second element is the probing tip, which is attached to

an oscillating cantilever, with typical oscillation amplitude on the order of 101 − 102

nanometers. If the tip apex touches the sample surface, the AFM operates in the

”tapping” mode.

The top side of the cantilever reflects a laser beam, subsequently focused on a four-
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segment photodiode. This system is used to monitor the vibration amplitude, actually

regulated by an electronic loop system.

An additional laser (the CO2 laser) illuminates and polarizes the probing tip, which

scatters radiation in all directions. Phase and amplitude of the scattered field are

influenced by the sample-tip near-field interaction, so that an optical mapping of

the specimen is achievable. The detection scheme shown in the figure 1.12 is based

on a Michelson interferometer. In this work, we will consider a different detection

stage, which exploits Self-Mixing Interferometry scheme: the scattered radiation is

reinjected in the laser cavity and the processed signal is the voltage across the laser

medium.

The demodulation of the detector output at an integer multiple of the tip vibration

frequency is necessary for retrieving useful information about the sample. As we

previously outlined, two main contributions to the scattered light are present: the

useful signal (near-field signal), carrying the information about near-field interaction

between tip and sample, and the background signal, independent from the interaction.

The background consists of radiation directly reflected by the tip and the optical

elements present in the setup and it is necessary to filter out this part of the signal,

because it prevents to extract the sample properties. It has been observed that the

scattered light contains a much larger proportion of the background than the near-

field signal[33]. The background has also a small or negligible dependence from the

laser-tip distance. This is fundamental to extract the sougth information, since the

evanescent fields which mediate the near-field interaction strongly vary with the tip

displacement. Therefore the change in the scattered field will be mostly caused by the

change in the near-field interaction strength, rather than the background scattering.

Hence the necessity to set the AFM in the tapping mode, with vibrating frequency

Ω.
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According to this, it results very useful to express the detected signal u(t) in form of

the Fourier series:

u(t) =
∞∑

n=−∞

une
inωt (1.30)

where the generic Fourier coefficient un is given by:

un =
1

T

∫ T
2

−T
2

u(t)e−inωtdt (1.31)

It was experimentally determined that only the first two or three terms in this series

account for the change of background signal, during the tip vibration, while the higher

harmonics carries only the information about the near-field interaction[21]. Terms for

n>2 or n>3 allow to represent the rapidly changing near-field signal. Therefore, it is

necessary to record these harmonics to perform the imaging technique and filter out

the background.

That’s why in s-SNOM devices a lock-in amplifier, which practically allows to extract

the Fourier coefficients un, is always present.

1.2.3 Probe-sample interaction models

In this subsection we introduce and explain theoretically the most used models for

the near-field interaction between probing tip and sample that occurs in s-SNOM.

These models are named Point Dipole Model(PDM) and Finite Dipole Model(FDM).

In both of them an effective polarizability αeff of the target consisting of interacting

tip and sample, is considered and finally calculated. In this work only the FDM will

be used and implemented in calculations and simulations.

Point Dipole Model

The point dipole model is the simplest model used to predict contrasts between differ-

ent materials in s-SNOM configuration. It is based on the following hypotheses. The
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Figure 1.13: Representation of point dipole model for perpendicular(left) and paral-

lel(right) orientations of the probe dipole with respect to the sample surface[21].

probing tip is schematized as a point dipole assuming the position and polarizability

of a sphere of radius R inscribed into the probing tip apex as depicted in figure 1.13.

The dipole polarizability is given by[21]:

α = 4πR3 ε− 1

ε+ 2
(1.32)

According to polarizability definition, the dipole moment induced by the external

field E0 is p=αE0. ε is the dielectric function of the tip material.

The probing dipole has a ”mirror image” formed in the sample. For the tip dipole p

normal to the sample surface, the mirror dipole strength is related to the tip dipole

moment by

p′ = βp (1.33)



26 CHAPTER 1

where beta is expressed by

β =
εs − 1

εs + 1
(1.34)

with εs dielectric function of the sample. The tip dipole and the mirror one in the

sample, interacting at short range, mutually influence their strength in a loop scheme.

It is possible to express this interaction in the form of an infinite geometric series

p = p0

∞∑
n=0

gn =
p

1− g
(1.35)

where p0 is the initial dipole moment and g=∆p
p

is the relative variation in the probe

dipole moment p after a single reflection from the sample.

Let us consider the dipole oriented perpendicularly to the sample surface(z-orientation),

shown in the left part of the figure 1.13. If the distance between the sphere repre-

senting the tip and the sample is H, the separation between the point dipole and the

mirror dipole is D=2(R+H). The field produced by the mirror dipole at the position

of the tip dipole is

E =
p′

2πD3
(1.36)

The field E induces an additional dipole moment ∆p=αE in the probe. Then, using

the expression of D, we can determine the factor g:

g =
βα

16π(R +H)3
(1.37)

Then we retrieve the tip dipole moment:

p = E0
α

1− αβ
16π(R+H)3

(1.38)

obtaining an expression for the effective polarizability αeff :

αeff =
α

1− αβ
16π(R+H)3

(1.39)

Let us briefly explain why the effective polarizability is particularly important in

predicting s-SNOM contrast. Far away from the dipole, its radiated field can be
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approximated as a spherical wave, so that the field amplitude is proportional to the

dipole moment p and to αeff as well. It is customary to define the complex scattering

coefficient σ=Seiφ as the ratio of the incident field E0 and the scattered field E. We can

notice that σ is proportional to αeff . Therefore they are equivalent if measurements

of relative contrast are performed.

Finite Dipole Model

The second model that we consider, and that will be applied in the following chapters

of this work, is the Finite Dipole Model. From a mathematical point of view it is

more complicated than PDM, and we need to review in detail some fundamental

characteristics of probing tips. It allows an accurate description of field confinement

and field enhancement which occurs in proximity of a SNOM probe, resulting more

reliable than PDM, which gives a good qualitative explanation of s-SNOM imaging,

but is not particularly succesful in the quantitative prediction of the measured signal

Let us first show, with basic arguments of Fourier optics, that the field near a SNOM

probe is predominantly evanescent. We consider the classical ”uncertainty relation”

∆ρ∆νρ ≥ 1 (1.40)

where ∆ρ is the radius of the SNOM light source and νρ are the spatial frequencies in

the plane containing the source. In the configuration used in this work an AFM tip

is used as SNOM source and the light wavelength is in the Terahertz region. There-

fore, since ∆ρ � λ, from the uncertainty relation we have ∆νρ � λ−1, which is the

condition to have evanescent waves.

Evanescent fields must be converted into the propagating waves, since the signal

resulting from optical probing is recorded by a detector located far away from the

source in terms of the light wavelength. The conversion occurs because free charges
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in the probe can move essentially along the tip, perpendicularly to the sample sur-

face. Therefore the confinement of charge, taking place only in the plane parallel to

the surface, is orthogonal to the electric field oscillations, and does not impede the

radiation of electromagnetic waves. Because of this property, the s-SNOM exhibits a

wavelength-independent resolution limited only by the radius of the probing tip apex.

From these observations, we can notice that an analogy between s-SNOM probes and

antennas exists. In both of them field confinement and field enhancement occur and

are related to each other, according to the ”lightning rod effect”: the field strength

near an equipotential surface is inversely proportional to the local radius of curva-

ture. For the near-field optical microscopy this means that in the wavelength range

sharper probes will produce both better field confinement and higher field strength.

A quantitative analysis of this aspect can be found in [21],[34]. Field enhancement

and confinement determine detected signal level and resolution, but do not give infor-

mations about optical contrast, which require a model of the tip-sample interaction.

Let us consider how to obtain an improved model of tip-sample interaction. First,

the probing tip is approximated as a prolate spheroid. At a large distance from the

spheroid, the point-like and extended dipoles are not distinguishable, but significant

differences exist in the immediate vicinity of the spheroid. This aspect is essential

in modelling s-SNOM. The choice of spheroidal shape is justified by considering the

similarity between the apex of a typical probing tip and the apex of a spheroid.

Furthermore, the tip apex is the decisive part for the near-field interaction with the

sample, since it resides in the closest proximity of the sample. The largely different

shape far away from the apex does not influence the nature of the probe-sample in-

teraction which gives rise to contrasts in s-SNOM. Let us consider now the expression

for the electric field Es generated by the spheroid along the its axis as a function of
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the distance z from the spheroid boundary[21]

Es(z) =

2F (L+z)
D2+L(2z+a)

+ lnL−F+z
L+F+z

2F (L−εa)
La(ε−1)

− lnL−F
L+F

E0 (1.41)

where L is the length of the semi-major spheroid axis, F is half the distance between

the foci, ε is the dielectric function of the probe material, E0 is an homogenous ex-

ternal field illuminating the spheroid and a is the radius of the spheroid curvature

at its apex. We want to compare the exact solution from Equation 1.41 to the field

Figure 1.14: Electric field generated by a spheroid in homogeneous external field as

a function of the distance from the spheroid end. Shown are the exact result from

Equation 1.41 (dashed line), monopole field (upper full line) and dipole field (lower

full line), scaled to the value of the field at the spheroid surface[21].

of a point dipole and an extended dipole, consisting of two monopole contributions.

For short distances from the spheroid the point charge far from the observation point

can be neglected, so that we only consider a single monopole contribution. The com-

parison is graphically shown in figure 1.14. We can notice that the monopole field

approximates the exact result better than the dipole field. Therefore, the probing tip

is replaced by a point charge Q0. The opposite charge -Q0 constituting the extended
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dipole p0 is placed on the other end of the spheroid, so it can be neglected when calcu-

lating the near-field interaction with the sample. Charges Q0 and -Q0 are induced by

the homogenous external field, so they are independent of the tip-sample interaction.

Therefore, in order to take account of the near-field interaction, an additional induced

polarization must be introduced. A dipole moment pi consisting of two monopoles

Qi and -Qi is considered. Of those two charges, Qi is assumed to participate in the

near-field interaction, while the existence of -Qi is required by the electric neutrality

of the probing tip.

In summary two point charges, Q0 and Qi, partecipate in near-field interaction and,

for this reason, the FDM is also called as ”monopole model”. In figure 1.15 a graph-

Figure 1.15: Representation of Finite Dipole Model[21].

ical representation of the Finite Dipole Model is shown.
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An effective dipole moment peff of the charge distribution in the probe can be con-

structed by adding the contributions from the dipole moments p0 and pi. Then the

effective polarizability αeff can be defined as:

αeff =
peff
E0

(1.42)

A long and complicated mathematical treatment is developed in [21] to retrieve the

expression of αeff as a function of tip-sample distance, according to the hypotheses

of the FDM. The final result is:

αeff = a2Lt

Lt(ε− 1)

[
2Lt(

√
1− a

Lt
) + aln

(1−
√

1− a
Lt

)2

a
Lt

]
2Lt
√

1− a
Lt

(Lt − aε)− aLt(ε− 1)ln
(1−
√

1− a
Lt

)2

a
Lt

·

2 +
β(g a+z

L
)ln 4Lt

4z+2a

ln
(

4Lt
a

)
− β

(
g − 3a+4z

4Lt

)
ln 2Lt

2z+a

 (1.43)

where Lt is the length of the major axis of the spheroid, a is the apex radius of the

probing tip, z is the tip-sample distance, ε is the dielectric function of the tip, g is a

complex factor related to the fraction of the total charge induced in the spheroid and

beta is given by the Equation 1.34, so it depends on the complex dielectric function

of the sample. Therefore, we can notice that αeff is a complex-valued function. It

represents the polarizability of the tip in presence of near-field interaction with the

sample. We previously outlined its relation with the scattering coefficient σ. In the

next subsection we will focus on this fundamental aspect. Furthermore, let us observe

that αeff depends on the tip-sample surface distance, which is a periodic function of

the time (for example cos(Ωt) with Ω oscillation frequency) when the tip oscillates.

Therefore αeff will be a non linear function of cos(Ω t) if the tip oscillates.
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1.2.4 Scattering coefficient

A more precise expression for the scattering coefficient σ can be considered, taking ac-

count of the direct reflection from the sample, which gives an additional contribution

to the radiated field. Two corrections are needed. First, the field E0 is increased by a

factor 1+crp, where c is a coefficient accounting for the difference between the waves

directly incident on the probe and those reflected from the sample and rp is the sam-

ple reflection coefficient for p-polarized waves expressed by the Fresnel formula[21].

Considering an incident plane wave, the coefficient c is a phase retardation term.

Second, we should introduce the mirror dipole moment p′eff=crp peff which adds to

the field directly scattered by the probe. Taking account of these two corrections, the

final expression for the scattering coefficient is:

σ = fσ (1 + crp)
2 αeff (1.44)

where fσ is a factor dependent from the exact experimental parameters. It cancels

when relative contrast is evaluated.

From Equation 1.44 we can understand that it is possible to retrieve informations on

both real and imaginary part of the dielectric function of the sample measuring the

scattering coefficient, since the effective polarizability depends on εs.

1.2.5 Applications

Let us consider in this subsection some important applications of s-SNOM. In [35] a

study about polar materials is reported, with important results about phonon reso-

nance measurements. Amplitude and phase spectra are retrieved for several mate-

rials: SiC, SiO2, and a-SiO2. Furthermore, a comparison between PDM and FDM

is performed using experimental data, concluding that only the FDM gives a good

agreement. The experiment is developed using a laser emitting in the mid-Infrared
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region and a Michelson interferometer configuration.

Analysis of materials in the region of Terahertz using s-SNOM configuration is re-

ported in [8], [9] and [10]. In the previous section we introduced them as SMI ap-

plications, but in these works the SMI is combined with an apertureless near-field

microscopy configuration, presenting a deep analogy with the original scheme studied

in this thesis.

The sub-wavelength resolution of s-SNOM allows the possibility to analyze nanoscopic

structures and devices, like quantum-dots, memory cells, nanotransistor and also bi-

ological systems like proteins and molecules.

1.3 Self-Detection s-SNOM

In the sections 1.1 and 1.2 theory and applications of Self-Mixing Interferometry and

Scattering-type Near field Optical Microscopy are respectively presented. In this sec-

tion an optical imaging scheme exploiting both these techniques is introduced[11],[12].

It is named Self-Detection s-SNOM (SD s-SNOM).

The configuration considered in this work, shown in figure 1.16, is aimed to perform

an analysis of resonant materials in the region of Terahertz. Therefore, the exploited

radiation source is a THz Quantum Cascade Laser, which is also used as detector,

according to SMI scheme. The radiation travels a path determined by two paraboloid

and two plane mirrors and is then focused onto the apex of an AFM tip in tapping

mode, oscillating at the frequency Ω. The probing tip is placed in the proximity of

the sample, according to the s-SNOM scheme. The scattered light is then collected

by the paraboloid mirror closest to the sample, travels the same incident optical path

and is finally reinjected into the laser cavity. A lock-in amplifier is connected to

the detector which, in this case, is the QCL itself. We already mentioned that in

s-SNOM configurations a lock-in amplifier is always present because otherwise, the
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Figure 1.16: Experimental configuration of SD s-SNOM. From [11].

background dominating the signal would not allow to achieve contrast, preventing the

performance of the imaging technique. An optical attenuator (named A in the figure)

allows to vary the intensity of the reinjected light, selecting the operating feedback

regime. Also a movable piezo-actuated mirror(PZM) appears in the setup, which con-

sents to vary the light path length. It will be shown how this aspect is fundamental in

the retrieval of the information about optical properties of the sample. The detected

signal is the voltage across the terminals of the QCL.

The SD s-SNOM scheme presents several advantages. First, optical imaging is achiev-

able in the region of Terahertz with λ/10000 resolution, owing to circumventing the

diffraction limit in the s-SNOM probing scheme. Furthermore, the setup is detector-

less: the self-mixing type detection allows to simplify the experimental configuration,

because of the self-alignment of the setup and also consent overcoming the lack of

suitable detectors in THz region. Also experiments showed sensitivity to amplitude

and phase of the signal[11],[12]. In the next subsection a mathematical model for
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SD s-SNOM is presented. Lang-Kobayashi equation are modified introducing the

complex scattering coefficient σ given by Equation 1.44, so that the FDM effective

polarizability and then the complex dielectric function of the sample appears in the

equations describing self-mixing.

1.3.1 Theoretical Model for SD s-SNOM

Let us consider the Lang Kobayashi equations 1.1 and 1.8. The coupling coefficient

κ̃ appearing in the feedback term in the Equation 1.1 is expressed by the equation

1.7 and depends on the reflection coefficient of the target
√
R3, defined as the ratio

between reflected field and incident field. In SD s-SNOM configuration the target

corresponds to the probing tip having a near-field interaction with the sample and the

real reflection coefficient
√
R3 must be replaced by the complex scattering coefficient

σ. It is known that σ is proportional to αeff , which depends on the complex dielectric

function of the sample. This substitution implies the introduction of a complex

coupling coefficient κ̃, which is given by:

κ̃ =
cã(1−R) σ√

R

2ηl
(1.45)

where R is the laser mirror reflectivity, η is the refractive index of the laser medium,

l is the length of the laser cavity and ã is an attenuation factor connected to the

presence of an optical attenuator in the experimental configuration. This passage is

particularly important, because it allows to include into the Lang-Kobayashi model

the information about the near-field interaction between tip and sample. The feedback

term in the Equation 1.1 includes now the information about εs.

Furthermore, the expression of the parameter C after including into the model a

complex scattaring coefficient is:

C =
cã(1−R)Sτ

√
1 + α2

τc
√
R

(1.46)
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where S is the modulus of σ.

We are interested to determine the steady-state solutions of the Lang-Kobayashi

model with a complex scattering coefficient with modulus S and phase φ appearing in

the expression of the coupling coefficient κ̃. A theoretical approach based on steady-

state solutions is exploited because the temporal change of the feedback, linked to

the tip oscillation on the scale of 10-100 KHz, is much slower than the fast field and

carrier dynamics in the QCL (below the ns scale) field and carrier timescales. First

we rewrite the L-K equations introducing the transparency carrier density n0 into the

equation for the field and recalling µ the pumping term into the rate equation for the

carrier density. We obtain:

dE(t)

dt
=

1

2
(1 + iα)

[
Gn(n(t)− n0)− 1

τp

]
E(t) + κ̃E(t− τ)e−iω0τ (1.47)

dn

dt
= − n

τe
−Gn(n− n0) |E|2 + µ (1.48)

We perform now a scaling procedure of these two equations. Let us consider equation

1.48.

dn

dt
= − n

τe
−Gn(n− n0) |E|2 + µ =

= −n− n0

τe
− n0

τe
−Gn(n− n0) |E|2 + µ (1.49)

Defining:

∆n = n− n0 (1.50)

Equation 1.49 can be rewritten as:

d(∆n)

dt
= −∆n

τe
− n0

τe
−Gn(∆n) |E|2 + µ =

=
1

τe

[
(τeµ− n0)−∆n

(
1−Gnτe |E|2

)]
(1.51)

Then we define:

Ip = τeµ− n0 (1.52)

Ẽ =
√
GnτeE (1.53)
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and the scaled equation for carrier density becomes:

d(∆n)

dt
=

1

τe

[
Ip −∆n

(
1−

∣∣∣Ẽ∣∣∣2)] (1.54)

Let us consider now the Equation 1.48 and let us multiply it by
√
Gnτe:√

Gnτe
dE(t)

dt
=

1

2
(1 + iα)

[
Gn(∆n)− 1

τp

]√
GnτeE(t) + κ̃

√
GnτeE(t− τ)e−iω0τ

(1.55)

Using equation 1.53 we have:

dẼ(t)

dt
=

1

2
(1 + iα) [τpGn∆n− 1]

1

τp
Ẽ + κ̃Ẽ(t− τ)e−iω0τ (1.56)

Introducing

Ñ = ∆nτpGn (1.57)

Ĩp = IpτpGn (1.58)

the equations 1.56 and 1.54 become:

dẼ(t)

dt
=

1

τp

[
1

2
(1 + iα)

(
Ñ − 1

)
Ẽ + τpκ̃Ẽ(t− τ)e−iω0τ

]
(1.59)

dÑ(t)

dt
=

1

τe

[
Ĩp − Ñ

(
1−

∣∣∣Ẽ∣∣∣2)] (1.60)

Separating the field Ẽ in modulus Ẽ0 and phase Φ̃ and defining

V = 2
1−R√
R

ã
τp
τc

(1.61)

Equation 1.59 can be rewritten as:

dẼ0(t)

dt
=

1

2τp

[(
Ñ − 1

)
Ẽ0 + VSẼ0(t− τ)cos (ω0τ + Φ(t)− Φ(t− τ)− φ)

]
(1.62)

dΦ̃(t)

dt
=

1

2τp

[
α
(
Ñ − 1

)
− VS

Ẽ0(t− τ)

Ẽ0(t)
sin (ω0τ + Φ(t)− Φ(t− τ)− φ)

]
(1.63)



38 CHAPTER 1

In Equations 1.62 and 1.63 modulus S and phase φ of the scattering coefficient σ

explicitly appear. At this point we want to determine the steady state solutions

of the Equations 1.62, 1.63 and 1.60. Therefore the conditions Ẽ(t)=Ẽ(t − τ)=Ẽs,

Ñ(t)=Ñs, Φ̃(t)=(ωF − ω0)t, Φ̃(t− τ)=(ωF − ω0)(t− τ) are imposed.

Equation 1.62 becomes:

0 = Ñs − 1 + VScos (ωF τ − φ) (1.64)

and defining ∆V=1-Ñs we obtain:

∆V = VScos (ωF τ − φ) (1.65)

∆V is proportional to the interferometric signal, i.e. the voltage across the QCL

terminals[1],[36]. Therefore the Equation 1.65 can be named ”signal equation”.

After imposing the steady-state conditions, equation 1.63 becomes:

ωF − ω0 =
1

2τp
[αVScos (ωF τ − φ) + VSsin (ωF τ − φ)] (1.66)

and phase excess equation for SD s-SNOM scheme can be straightforwardly retrieved:

ωF τ = ω0τ − εS
√

1 + α2sin (ωF τ − φ+ atan (α)) (1.67)

where

ε =
τ

τc

(
1−R√
R

)
ã (1.68)

1.4 Cesium Bromide

Equations 1.65 and 1.67 are the starting point of the original theoretical study that

will be developed in the next chapters of this work. Manipulating these equations,

the retrieval of S and φ, i.e. of the information about the sample, will be achieved in

some operating feedback regimes. In this work Self-Detection s-SNOM configuration
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in the region of Terahertz is studied and theoretical and numerical parts are devel-

oped in the next chapters. This technique is aimed to retrieve informations about

optical properties of materials resonant in the THz region. We choose a reference

material exhibiting resonances in the THz region so that real and imaginary part of

its dielectric function and the associated αeff , σ in the model, will vary with the

laser wavelength. In particular we consider the material used in the experiment [11].

Cesium Bromide(CsBr) is a material showing phonon resonances in the THz region,

in particular for ν=73 cm−1(Transverse Optical(TO) phonon resonance) and ν=110

cm−1(Longitudinal Optical(LO) phonon resonance) in terms of wavenumber, or re-

spectively λ=136.99 µm and λ=90.91 µm in terms of wavelength. The simulative

part of this thesis concerns the retrieval of optical properties of CsBr. In particular,

the SD s-SNOM configuration is exploited to reconstruct the scattering coefficient

σ of the tip-sample scattered radiation and, as a consequence, to extract the real

and the imaginary part of the dielectric function, which are respectively connected to

refractive index and absorption coefficient of the material. In figure 1.17 plots of real

and imaginary part of the dielectric function of CsBr are shown according to experi-

mental data reported in [37]. We can notice that real part is zero for the wavenumber

values corresponding to phonon resonances, while the imaginary part has a peak for

ν=73cm−1.

1.5 Very Weak and Weak Regimes

In the original part of the work, mathematical treatment and simulations are devel-

oped for two feedback regimes: very weak regime and weak regime. We recall that

both of them are characterized by an interferometric signal which is a single-valued

function. In the very weak regime the signal shape is cosinusoidal, while in the weak

regime an asymmetric shape is observed. In the very weak regime negligible variations
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(a)

(b)

Figure 1.17: Real(a) and imaginary(b) part of dielectric function of CsBr versus

wavenumber in the range between 50cm−1 and 140cm−1.
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in the laser frequency induced by the optical feedback occur, so that it is possible to

approximate the laser frequency in presence of feedback ωF with the laser frequency

without feedback ω0. This allows for a simple analytic relation between the signals

and the scattering coefficient σ.

In the weak regime ωF 6= ω0 considerably and only by suitable approximations we

will derive the relation between signals and σ which will allow extraction of the info

on the material. The importance of performing the analysis of the technique in the

weak regime is based on the possibility to achieve an higher Signal-to-Noise Ratio.

In fact with the transition from very weak to weak regime, the portion of radiation

reinjected into the laser cavity increases, assuring also an increase of the measured

signal. This has also a positive impact on the experimental implementation od SD

s-SNOM, since it allows to perform the imaging technique with a higher contrast.
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Chapter 2

Very-Weak Regime

2.1 Retrieval of the scattering coefficient

Let us consider the SD s-SNOM configuration shown in figure 1.16. The radiation

emitted by a THz Quantum Cascade Laser is conveyed onto a probing tip interacting

with the sample, by a system of parabaoloid and plane mirrors. Then, a portion of

the backscattered field is collected into the laser cavity, where it interferes with the

intracavity field, perturbing the emission properties of the laser, the carrier density of

the medium, and the voltage across the device terminals(self-mixing signal). Analyz-

ing this signal, informations about optical properties of the sample can be retrieved.

The attenuator A allows to select the portion of radiation reinjected into the laser

cavity, i.e. the operating feedback regime. In this chapter we consider the very weak

feedback regime, which is defined and characterized by values of the feedback pa-

rameter C, defined in the Equation 1.24, so that C�1. In this section we develop a

mathematical treatment where modulus S and phase φ of the scattering coefficient

σ are retrieved in the very weak feedback regime. Due to the negligible perturbation

induced by the feedback field on the laser frequency, we will show that exact relations

can be obtained linking S and φ with two measured self-mixing signals. In section 2.3

43
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these formulas will be tested by performing simulations applied to Cesium Bromide,

which is characterized by phonon resonances in the region of Terahertz so that it is

an ideal material for the application of the technique described in this work. The

optical properties of this material in the THz region have been studied and analyzed

in [11].

The scattering coefficient is a fundamental quantity for retrieving optical properties

of the material, since it is proportional to the effective polarizability of the tip αeff ,

which is in turn dependent on εs, as stated by equations 1.34 and 1.43.

The mathematical part developed in this chapter is based on the equations 1.65 and

1.67, i.e. the steady-state solutions of the Lang-Kobayashi model, modified to include

the description of a complex optical response from the sample and the temporal de-

pendence due to the oscillating tip, typical of the SD s-SNOM layout described above.

As already noted, in presence of a very weak feedback, it is possible to assume that

the emission frequency of the laser subject to optical feedback ωF is approximately

equal to the frequency of the unperturbed laser ω0. This assumption is valid only in

this regime, and allows to obtain in a straightforward manner an explicit dependence

of S and φ on the voltage signal. According to this assumption, equations 1.65 and

1.67 become:

∆V ≈ VScos (Φ) (2.1)

ωF ≈ ω0 (2.2)

where

Φ = ω0τ − φ (2.3)

Let us recall that the external cavity roundtrip τ depends on the laser-tip distance L

through the Equation 1.2. So in principle this quantity is time dependent. Yet, while

the laser-tip distance is on the scale of 101 cm in typical experiments(60 cm in [11]),

the oscillation extension of the tip rarely exceeds a few hundreds of nanometers. So,
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in terms of phase change as given by 2.3, the quantity L can be taken constant. From

2.1 we see that both S and φ appear in the right hand side, so that measuring ∆V is

not enough to extract info about both.

If we assume to neglect the change of L due to the tip oscillation, we can introduce

a distance variation ∆L so that Φ has a shift ∆Φ. If we now assume to perform two

detections of the voltage signal, the first at L and the second at L+∆L and taking

∆L so that φ=π
2
, we can easily see that the shifted signal will be given by:

∆Vπ
2

= VScos
(

Φ +
π

2

)
= −VSsin (Φ) (2.4)

Let us notice that a phase shift of π
2

corresponds to a distance variation of λ
8
. Using

the fundamental trigonometric identity cos2Φ + sin2Φ = 1 we can straightforwardly

retrieve S:

S =
1

V

√
∆V 2 + ∆Vπ

2

2 (2.5)

If S is known, also cos(Φ) and sin(Φ) can be retrieved respectively from equations 2.1

and 2.4, so that Φ is fully determined. It is also possible to express Φ:

Φ = −atan
[

∆Vπ
2

∆V

]
(2.6)

where we consider the the extension of the arc tangent to the interval [0, 2π], called arc

tangent2 (atan2). Inverting the equation 2.3, the phase φ of the scattering coefficient

is finally found:

φ = ω0τ + atan

[
∆Vπ

2

∆V

]
(2.7)

Equations 2.5 and 2.7 allow to determine the complex scattering coefficient through

two signal measurements in two experimental configurations, i.e. for two different

values of laser-tip distance, supposing to neglect the small variation of this distance

due to the tip vibration. These two formulas are based on the approximated equation

2.2, which is valid only in the very weak regime. Note that S depends on V which
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is a constant that can be determined only by measuring the attenuation factor ã(see

equation 1.3.1), which is not a quantity easily retrievable by experiments. In any

case, this will yield a relative measure of optical contrast, so that it is not necessary

to know the exact value of V.

2.2 Retrieval of the scattering coefficient harmon-

ics

In section 1.3 we described the SD s-SNOM experimental configuration, mentioning

that the detection part is always equipped with a lock-in amplifier. The backscattered

signal consists of an useful contribution which carries the information about near-

field interaction, and the background contribution, which doesn’t depend on the tip-

sample interaction and must be filtered out to retrieve the optical properties of the

material specimen. The background is the main part of the signal, therefore measuring

directly the interferometric signal without any processing, would prevent to have any

contrast. The lock-in amplifier results then fundamental, because it allows to measure

the Fourier coefficients of the signal and it has been shown(see [21]) that only the

harmonics up to n=2 are dependent on the background. Therefore, considering the

background-free harmonics it is possible to achieve an optical contrast and performing

the imaging technique.

We are interested in retrieving the information about the optical properties of the

sample from the harmonics of interferometric signals, since these are the quantities

that the experimental apparatus normally yield. We want to find a relation linking

the harmonics of the signals to σn, i.e. the harmonics of the scattering coefficient,

since the information about optical properties of the resonant material sample can be

retrieved by considering the σn[38].
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In the mathematical treatment developed in this section, the near-field scattering is

modeled according to the finite-dipole model, so that the effective polarizability of the

tip αeff is given by the Equation 1.43. The tip-sample surface distance z(t) oscillates

with frequency Ω between 0 and 2zA as

z(t) = zA(1 + cosΩt) (2.8)

z(t) is then an even periodic function of the time, with period 2π
Ω

. Also αeff (t) is

an even periodic function of the time, since it depends on t only through z(t). From

equation 1.44 we easily understand that also the scattering coefficient σ is an even

periodic function of the time with the same period of z(t) and αeff (t). It is then

possible to express σ(t) in form of the Fourier series:

σ(t) =
∞∑

n=−∞

σne
inΩt =

=
∞∑

n=−∞

sne
iφneinΩt (2.9)

where σn is the generic complex Fourier coefficient of σ with modulus sn and phase

φn.

Let us consider the interferometric signal ∆V , i.e. the voltage across the Quantum

Cascade Laser contacts, which is expressed by the equation 1.65. It depends on the

time through S and τ , which are both even periodic functions of the time. Therefore,

also ∆V can be written as Fourier series:

∆V (t) =
∞∑

n=−∞

∆Vne
inΩt (2.10)

where ∆Vn are the harmonics of the signal. Let us show first that σn are complex

quantities, while ∆Vn are real quantities. Using the definition of Fourier coefficients
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and considering tha σ(t) is even:

σn =
1

T

∫ T
2

−T
2

σ(t)e−inΩtdt =

=
1

T

∫ T
2

−T
2

σ(t)cos (nΩt) dt+ i
1

T

∫ T
2

−T
2

σ(t)sin (nΩt) dt =

=
1

T

∫ T
2

−T
2

σ(t)cos (nΩt) dt (2.11)

Since σ(t) is complex-valued, also σn are complex-valued. This allows to write them

separating modulus and phase. Similarly we can write:

∆Vn =
1

T

∫ T
2

−T
2

∆V (t)cos (nΩt) dt (2.12)

∆V (t) is a real-valued function, so that also the harmonics ∆Vn are real. At this point

we want to find an equation linking ∆Vn and σn. Let us substitute into the scaled

Lang-Kobayashi field equation 1.59 the expression of σ(t) in form of the Fourier series

given by the Equation 2.9. We can write:

dẼ(t)

dt
=

1

2τp

[
1

2
(1 + iα)

(
Ñ − 1

)
Ẽ + V

∞∑
n=−∞

sne
iφneinΩtẼ(t− τ)e−iω0τ

]
(2.13)

Writing explicitly modulus and phase of the scaled field we have:

dẼ0(t)

dt
eiΦ̃(t) + Ẽ0(t)i

dΦ̃(t)

dt
eiΦ̃(t) =

1

2τp

[
(1 + iα)

(
Ñ − 1

)
Ẽ0(t)eiΦ̃(t)

]
+

+
V

2τp

∞∑
n=−∞

sne
iφneinΩtẼ0(t− τ)eΦ̃(t−τ)−iω0τ (2.14)
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We can then separate the last complex equation in two real equations:

dẼ0(t)

dt
=

1

2τp

[(
Ñ − 1

)
Ẽ0(t)

]
+

+
V

2τp

∞∑
n=−∞

snẼ0(t− τ)cos
[
Φ̃(t− τ)− ω0τ + φn + nΩt− Φ̃(t)

]
(2.15)

dΦ̃0(t)

dt
=

1

2τp

[
α
(
Ñ − 1

)]
+

+
V

2τp

∞∑
n=−∞

sn
Ẽ0(t− τ)

Ẽ0(t)
sin
[
Φ̃(t− τ)− ω0τ + φn + nΩt− Φ̃(t)

]
(2.16)

Imposing the steady-state conditions Ẽ(t)=Ẽ(t−τ)=Ẽs, Φ̃(t)=(ωF -ω0)t and Ñ(t)=Ñs

we have:

0 =
1

2
(Ñs − 1) +

V

2

∞∑
n=−∞

sncos (ωF τ − φn − Ωnt) (2.17)

Imposing 1-Ñs=∆V we obtain:

∆V = V
∞∑

n=−∞

sncos (ωF τ − φn − Ωnt) (2.18)

where Ωn=nΩt. Using the approximated equation ωF ≈ ω0 valid in the very weak

feedback regime we have:

∆V = V
∞∑

n=−∞

sncos (ω0τ − φn − Ωnt) (2.19)
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As ∆V is an even function, it can be straightforwardly shown that sn=s−n and

φn=φ−n. Therefore we can write:

∆V = V
∞∑

n=−∞

sncos (ω0τ − φn − Ωnt) =

= V

[
s0cos (ω0τ − φ0) +

∞∑
n=1

sncos (ω0τ − φn − Ωnt) + s−ncos (ω0τ − φ−n − Ω−nt)

]
=

= V

[
s0cos (ω0τ − φ0) +

∞∑
n=1

sncos (ω0τ − φn − Ωnt) + sncos (ω0τ − φn + Ωnt)

]
=

= V

[
s0cos (ω0τ − φ0) + 2

∞∑
n=1

sncos (ω0τ − φn) cos (Ωnt)

]
(2.20)

Let us consider again the equation 2.10 and, remembering that ∆V is an even function

of the the time, we can straightforwardly rewrite it as:

∆V = V

[
∆V 0 + 2

∞∑
n=1

∆V ncos (Ωnt)

]
(2.21)

Comparing equations 2.10 and 2.21 we find that:

∆Vn = Vsncos (ω0τ − φn) (2.22)

for n=0,1,2,... Equation 2.22 establishes a connection between the harmonics of the

signal ∆V and modulus and phase of the Fourier coefficients of σ. Since ∆Vn are

directly measurable through the lock-in amplifier present in each s-SNOM configura-

tion, we want to express sn and φn as functions of the harmonics of some signals. In

this way we are able to retrieve the information about the sample optical properties

by using measurable quantities. As noted before, if we introduce the variation ∆L

of the laser-tip distance L causing the phase shift ∆Φ into the argument of cosine in

the equation 2.22, then we can write, for ∆Φ=π
2
:

(∆Vn)π
2

= −Vsnsin (ω0τ − φn) (2.23)

where (∆Vn)π
2

is the π
2
-shifted generic signal harmonic. Considering equation 2.20 it

can be straightforwardly shown that (∆Vn)π
2
=(∆Vπ

2
)n. We can now easily retrieve
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explicit expressions of sn and φn, manipulating equations 2.22 and 2.23. We find:

sn =
1

V

√
(∆Vn)2 + (∆Vπ

2
)n

2 (2.24)

φn = ω0τ + atan

[
(∆Vπ

2
)n

∆Vn

]
(2.25)

Also in this case the extension of arc tangent called atan2 is considered, so that it

is possible to retrieve a value of φn in the [0, 2π] range. Using equations 2.24 and

2.25 a retrieval of the harmonics of σ is possible in the very weak regime, considering

experimental measurements of the harmonics of two signals. Therefore two measure-

ments must be performed, varying the laser-tip distance by λ
8

to obtain the π
2

shift,

to implement these formulas.

2.3 Retrieval of the scattering coefficient: results

Let us consider the equations 2.5 and 2.7, which express the modulus and phase of

the scattering coefficient σ as functions of two signals ∆V and ∆Vπ
2
, measured for

two different values of the laser-tip distance. These formulas are applicable when

the approximated equation 2.2 is valid. This corresponds to the very weak feedback

regime, when the feedback parameter C�1 and the interferometric signal shape is

sinusoidal. In this section we want to test these formulas through simulations of SD

s-SNOM applied to Cesium Bromide in the THz region.

First, let us define several aspects of the simulations, which are performed by using the

developed code self mixing snom code(see Appendix). We consider the wavenum-

ber ν of the light emitted by the QCL varying in the range [50 cm−1,140 cm−1].

We divide this interval in 300 parts, so that we consider 300 equally spaced values of

wavenumber. For each value, a fixed number of oscillation periods of the tip is consid-

ered. In the program listing this number is called numvol. Therefore, for each fixed

wavenumber value, we consider the tip oscillating for a time interval numvol · tfin,
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where tfin is the period of a single oscillation of the tip. Each time interval is sampled

in a number of parts called FS in the program listing. We finally have a temporal

trace which we convert to a plot with the wavenumber on the horizontal axis, by

using a linear conversion formula.

In each simulation we can change the feedback strength setting the value of a param-

eter called epsilonc in the code, which is expressed by the formula:

epsilonc =

[
1−R√
R

]
ã (2.26)

Therefore, setting a particular value of epsilonc corresponds to changing the fraction

of the reinjected field through the attenuator present in the experimental setup shown

in figure 1.16.

Each simulated plot of S and φ evaluated by the equations 2.5 and 2.7 will be com-

pared with the corresponding plot of the same quantities calculated according to the

FD model by equations 1.43 and 1.44 specialized for the CsBr. The plots obtained

using the FD model are independent from the feedback regime, therefore they will

be used as reference to evaluate the efficacy of a reconstruction of S and φ by using

simulated self-mixing signals. In figure 2.1 the plots of S and φ calculated with the

FD model are shown. They were realized choosing numvol=20, FS=40·Ω where Ω

is the tip oscillation frequency and and we took Ω=15380 Hz from the experiment

[11]. Furthermore, the tip material is Gold (Au) and its oscillation amplitude is

zA=105nm (see equation 2.8). The values of these parameters will be the same for

all the simulations in this section. Let us show at this point the simulated plots of S

and φ, retrieved using the equations 2.5 and 2.7. We consider epsilonc=10−5. The

parameter C depends on the scattering coefficient σ, so that it varies during the tip

oscillation and with the wavenumber-shift. Therefore, C does not have a single value,

but it can be represented as a function of the wavenumber, similarly to S and φ

plots. Note that C is just proportional to S(see equation 1.46), so we report it only
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(a)

(b)

Figure 2.1: Plot of S (a) and φ (b) versus wavenumber, as calculated using the FD

model.
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(a)

(b) (c)

Figure 2.2: Plot of C(a) versus wavenumber corresponding to epsilonc=10−5. Plots of

φ(b) and S(b) retrieved by using equations 2.5 and 2.7 versus wavenumber expressed

in cm−1 in the range between 50cm−1 and 140cm−1.

to offer an estimation of the feedback regime the simulation can be placed within.

In figure 2.2 the plots of C corresponding to epsilonc=10−5, S and φ retrieved with

approximated formulas for the very weak regime are shown. We can notice that the

order of magnitude of the maximum value of C is 10−3, according to the assumption

of very weak feedback regime. A good agreement with the calculated plots in figure

2.1 is reported. We can also notice that the plot of S has the same shape as C trace,

according to the definition of C, which explicits the proportionality between these

two quantities.
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(a)

(b) (c)

Figure 2.3: Plot of C(a) versus wavenumber corresponding to epsilonc=2·10−3. Plots

of φ(b) and S(b) retrieved using equations 2.5 and 2.7 versus wavenumber expressed

in cm−1 in the range between 50cm−1 and 140cm−1.

At this point we want to show that the reconstruction of the scattering coefficient

through equations 2.5 and 2.7 does not hold if the hypothesis of very weak feedback

regime is not valid. In figure 2.3 the plots of C and reconstructed S and φ are shown

for epsilonc=2·10−3 where the values of C(figure 2.3(a)) now range around 0.1, well

into the weak regime. We can also notice that these reconstructions of S and φ do

not reproduce the calculated plots in figure 2.1 as good as the ones reported in figure

2.2. This is obviously due to the the loss of validity of the approximated relation 2.2.

In order to provide a quantitative estimation of the accuracy of the reconstruction in
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the very weak regime or of the departures qualitatively evidenced in figure 2.3, we

introduce the quantities IS and Iφ, defined by the equations:

IS(ν) =
|Scalc(ν)− Srec(ν)|

|Scalc(ν)|
(2.27)

Iφ(ν) = |φcalc(ν)− φrec(ν)| (2.28)

where the subscript calc is referred to the quantities calculated by using the FD model

formulas, while the subscript rec is referred to quantities reconstructed by formulas

which exploit self-mixing signals. IS is a relative error, while Iφ is an absolute error

expressed in radiants, calculated using the plots shown in figure 2.1 as references. We

do not calculate a relative error also for φ, because it would be possible to reduce it

arbitrarily by shifting all the values of φcalc(which would appear in the denominator

of the relative error expression) by a generic multiple of 2π. Then, this analysis would

result unreliable.

In figure 2.4 the plots of IS for the reconstructions considered in this section are

shown. We can notice that the shapes of these two plots are similar, but the orders of

magnitude of the IS are very different: 10−4 for the reconstruction in the very weak

regime, and 10−2 for the reconstruction in the weak regime. Let us consider now the

results for φ. In figure 2.5 similar plots for Iφ are shown. Also in this case there is a

similarity in the shape of the curves, but there are three orders of magnitude between

the values of the indicator for the two reconstructions. Concerning the figure 2.5(b),

we can notice that the maximum error is for ν ≈75 cm−1 where the absolute value

of φ from figure 2.3(b) is 0.7 radians. This means that the error is sizeable, more

important than for the modulus S.

As the values of IS and Iφ for the reconstruction obtained setting epsilonc=10−5

are lower, these numerical results confirm that we are able to reproduce better the

reference plots of S and φ by using equations 2.5 and 2.7 when the hypothesis of very

weak regime is valid.
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(a)

(b)

Figure 2.4: Plots of IS for the reconstructions performed setting epsilonc=10−5(a)

and epsilonc=2·10−3(b). On the horizontal axis the wavenumber expressed in cm−1

in the range between 50cm−1 and 140cm−1 is represented.
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(a)

(b)

Figure 2.5: Plots of Iφ for the reconstructions performed setting epsilonc=10−5(a)

and epsilonc=2·10−3(b). On the horizontal axis the wavenumber expressed in cm−1

in the range between 50cm−1 and 140cm−1 is represented.
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2.4 Retrieval of the scattering coefficient harmon-

ics: results

This section concerns numerical simulations about the retrieval of σn, the harmonics

of σ (see equation 2.11) through the equations 2.24 and 2.25. Similarly to the previous

section, we first show the reference figures for these quantities, which we will exploit

to estimate the accuracy of our reconstructions. Specifically, we will consider the

(a)

(b)

Figure 2.6: sn(a) and φn(b) for n=1(blue curve), n=2(red), n=3(black), n=4(green),

n=5(cyan) calculated by using the FD model. On the horizontal axis the wavenumber

expressed in cm−1.

reference values of the calculated σn using the FD model (see equations 1.43 and

1.44) and the reconstructed values via the harmonics of the voltage signal (equations
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2.24 and 2.25). The harmonics have been calculated via a Matlab program adopting

the FFT function and filtering the desired harmonics from the obtained spectrum.

We consider the values of simulation parameters numvol, FS, Ω already introduced

in the previous section.

In figure 2.6 the calculated plot of sn and φn are shown. We can notice that the

amplitude of the harmonics of the scattering coefficient decreases when n increases,

as expected. These curve will be used as references to establish the accuracy of the

reconstructions based on the equations 2.24 and 2.25 by analogy with last section.

Let us consider epsilonc=10−5 and epsilonc=2 · 10−3. For each value of epsilonc a

simulation is performed. First, the self-mixing signals ∆V and ∆Vπ
2

are generated,

then the calculation of harmonics of these two signal is performed, and finally sn

and φn are retrieved using the equations 2.24 and 2.25. In figure 2.7 we show the

calculated values and the ones retrieved for epsilonc=10−5 and epsilonc=2 · 10−3 for

modulus and phase of the third harmonic of σ. This harmonic is taken as a reference

since the behaviour of the others is similar and it is the first one that experiments

consider satisfactorily independent of the background scattering. We can notice that,

according to the expectations, the reconstruction of s3 at epsilonc=10−5(black line)

approximates better the FD calculated trend(blue line) than the reconstruction in

the weak regime(red line). About φ3, there is almost a superposition between the

two reconstructed plots, so that they reproduce the theoretical trend nearly with the

same efficacy. For a more precise analysis let us consider the indicators Isn and Iφn

defined by the following equations:

Isn(ν) =
|(sn)calc(ν)− (sn)rec(ν)|

|(sn)calc(ν)|
(2.29)

Iφn(ν) = |(φn)calc(ν)− (φn)rec(ν)| (2.30)

by analogy with the indicators defined by equations 2.27 and 2.28. In figure 2.8 we

have the plots of these indicators for the two considered reconstructions. We can
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(a)

(b)

Figure 2.7: Plots of s3(a) and φ3(b): calculated with FD model(blue), reconstructed

at epsilonc=10−5(black line) and epsilonc=2 · 10−3(red line). On the horizontal axis

the wavenumber expressed in cm−1.

notice that the reconstructions for s3 are approximatively equivalent between 50cm−1

and 65 cm−1 and beyond 100 cm−1, while the reconstruction at epsilonc=10−5 results

more succesful between 65 cm−1 and 100 cm−1.

Let us consider now the plots of Iφ3 , shown in figure 2.8(b). We can observe that in the

wavenumber range between 75cm−1 and 110 cm−1(which approximatively corresponds

to the Reststrahlen region for the CsBr) the behaviour of the indicators agrees with

the expectations(the reconstruction for the lower value of epsilonc is more succesful),

except than for a small interval around 85 cm−1. Between 50 cm−1 and 75 cm−1 and

between 110 cm−1 and 140 cm−1 we find an anomalous behaviour of the plots. We
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(a)

(b)

Figure 2.8: Plots of Is3(a) and Iφ3(b)for the reconstruction at epsilonc=10−5 (black

line) and the reconstruction at epsilonc=2 ·10−3(red line). On the horizontal axis the

wavenumber expressed in cm−1.

want to present possible explanations for this. First, let us consider equation 2.25,

i.e. the reconstruction formula for φn. We have a fraction where the denominator is

∆Vn. If we consider a representative plot of ∆V3(see figure 2.9) we can notice that in

the wavenumber regions where the anomalous behaviour of the indicators occurs, the

harmonic has values close to zero. So it is reasonable to expect some discrepancies

for these values of wavenumber.

Furthermore we notice that at the right hand side of equation 2.25, the term ω0τ

appears. We already know that τ is time dependent, while the left hand side of the

equation(i.e. φn) is not. The approximation we adopted in our evaluation L ≈ L0
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Figure 2.9: Plot of ∆V3 for epsilonc=10−5.On the horizontal axis the wavenumber

expressed in cm−1.

is thus also a requirement to have a right hand side independent of time. This

approximation introduces an error in the calculation of the φn, which we can estimate

as ω0 · 4zA
c

, since we do not consider the laser-tip distance variation due to the tip

oscillation between 0 and 2zA. If we substitute the values of zA and ω0 used for

the performed simulations, we find that the order of magnitude of the error is 0.02

radians, which is comparable with the discrepancies around 90 cm−1 and between 110

cm−1 and 140 cm−1.
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Chapter 3

Weak Regime

This chapter concerns the retrieval of the scattering coefficient σ and its harmonics

in the weak feedback regime which, we recall from chapter 1 is associated to C from

approximatively 0.1 to about 0.9. It corresponds to feedback levels significantly af-

fecting the laser frequency, but where there still exists one lasing solutions at fixed

parameters. Since the relation 2.2 is not valid any more, the first part of this chapter

is dedicated to the analytic part, where an approach based on Taylor series expansions

allows to write approximated expressions of the steady-state solutions of the Lang-

Kobayashi model. Manipulating these equations, original reconstruction formulas for

the scattering coefficient are retrieved. A similar approach is used to write explicit

approximated expressions for the Fourier coefficients of σ.

In the second part, the retrieved reconstruction formulas are tested and compared by

realizing several simulations of SD s-SNOM measurements on Cesium Bromide.

65
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3.1 Approximated steady-state solutions of the Lang-

Kobayashi model in the weak regime

Let us consider the equations 1.65 and 1.67, i.e. the steady-state solutions of the

Lang-Kobayashi model modified introducing the complex scattering coefficient σ into

the expression of k̃. They are coupled equations, since ωF appears into the argument

of cosine present in the equation 1.65. The phase excess equation 1.67 is an implicit

function of ωF , therefore finding the solutions of this system is in general a complicated

mathematical problem.

The mathematical study presented in this section is aimed to retrieve approximated

expressions of ωF and ∆V using the hypothesis of operative weak feedback regime.

In this regime we can reasonably assume ε small, where ε is defined by the equation

1.68. We want to exploit Taylor series expansions to retrieve an explicit expression of

ωF , which we want to insert then into the signal equation. Being in the weak regime

allows us to consider a monodromic behaviour for the laser frequency.

Let us assume this expression for the laser frequency modified by the feedback:

ωF τ ≈ ω0τ + εω1τ + ε2ω2τ (3.1)

ω1 and ω2 are respectively the first and second order corrections to the solitary laser

freq ω0, due to the feedback in the equation 3.1. We next substitute this expression

of ωF τ into the phase excess equation, obtaining:

ω0τ + εω1τ + ε2ω2τ = ω0τ − εS
√

1 + α2sin(ω0τ + εω1τ + ε2ω2τ + β̃ − φ) (3.2)

where β̃=atan(α). Then, simplifying:

εω1τ + ε2ω2τ = −εS
√

1 + α2sin(ω0τ + εω1τ + ε2ω2τ + β̃ − φ) (3.3)
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Let us define:

Φ0 = ω0τ − φ (3.4)

Φ′0 = ω0τ − φ+ β̃ (3.5)

Introducing the definition 3.5, using the trigonometric angle sum identity for sine and

Taylor expansion for sine we have:

εω1τ + ε2ω2τ = −εS
√

1 + α2sin(Φ′0 + εω1τ + ε2ω2τ) =

= −εS
√

1 + α2
[
sinΦ′0cos(εω1τ + ε2ω2τ) + cosΦ′0sin(εω1τ + ε2ω2τ)

]
=

≈ −εS
√

1 + α2sinΦ′0(1− 1

2
ε2(ω1τ + εω2τ)2) +

− εS
√

1 + α2cosΦ′0(εω1τ + ε2ω2τ) =

= −εS
√

1 + α2sinΦ′0 − S
√

1 + α2ε2cos(Φ′0)ω1τ (3.6)

Therefore, we obtain the first order and second order coefficients :

ω1τ = −S
√

1 + α2sin(Φ′0) (3.7)

ω2τ = −S
√

1 + α2cos(Φ′0)ω1τ =

= S2(1 + α2)sin(Φ′0)cos(Φ′0) (3.8)

We can finally write the approximated expression of ωF τ in the weak regime:

ωF τ = ω0τ − εS
√

1 + α2sin(Φ0 + β̃) + ε2S2(1 + α2)sin(Φ0 + β̃)cos(Φ0 + β̃) (3.9)

At this point we want to write the approximated expression of ∆V . First let us define:

S ′ = S
√

1 + α2 (3.10)
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Substituting the equation 3.9 into the equation 1.65, using the trigonometric angle

sum identities and the second-order Taylor expansions for sine and cosine, we have:

∆V = VScos
[
Φ0 − εS ′sin(Φ′0) + ε2S2(1 + α2)sin(Φ′0)cos(Φ′0)

]
=

= VS{cosΦ0cos
[
ε(S ′sin(Φ′0)− εS ′2sin(Φ′0)cos(Φ′0)

]
+

+ sinΦ0sin
[
ε(S ′sin(Φ′0)− εS ′2sin(Φ′0)cos(Φ′0)

]
} =

= VScosΦ0

[
1− 1

2
(ε(S ′sin(Φ′0)− εS ′2sin(Φ′0)cos(Φ′0))2

]
+

+ VSsinΦ0

[
ε
(
S ′sin(Φ′0)− εS ′2sin(Φ′0)cos(Φ′0)

)]
=

= VScosΦ0 −
1

2
VScosΦ0ε

2S ′
2
sin2Φ′0 +

+ VSsinΦ0εS
′sinΦ′0 − VSsinΦ0ε

2S ′
2
sinΦ′0cosΦ

′
0 (3.11)

We finally obtain the approximated expression of ∆V :

∆V = VS{cosΦ0 + εS ′sinΦ0sinΦ′0 − ε2S ′
2
sinΦ′0

[
1

2
cosΦ0sinΦ′0 + sinΦ0cosΦ

′
0

]
}

(3.12)

Equation 3.12 is the starting point for the mathematical treatment that will be pre-

sented in next sections, aimed to retrieve approximated expressions for modulus S

and phase φ of the scattering coefficient σ in the weak feedback regime.

3.2 Retrieval of the scattering coefficient

In this section first order and second order reconstructions for the scattering coeffi-

cient σ in the weak feedback regime are retrieved and presented. The retrieval of σ

allows to obtain informations about the optical properties of the analyzed sample.

Furthermore, the possibility to obtain these properties in the weak feedback regime is

very important from the experimental point of view, since this regime is characterized

by a higher Signal to Noise Ratio compared with the very weak.
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3.2.1 First order reconstruction of S and φ

Let us consider the equation 3.12. It is a second order approximated expression of

the signal ∆V. In this subsection we neglect the term in ε2 in 3.12, obtaining:

∆V = VS{cosΦ0 + εS
√

1 + α2sinΦ0sin(Φ0 + β̃)} (3.13)

As we described in Chapter 2, an arbitrary shift of the quantity Φ0 can be experi-

mentally introduced by changing the laser-tip distance L, according to the equation

3.5 and the dependence of τ from L. We want to consider three particular values of

shift: π
2
, π and 3π

2
. Introducing these shift into the approximated signal equation 3.13

we have:

∆V π
2

= VS{−sinΦ0 + εS
√

1 + α2cosΦ0cos(Φ0 + β̃)} (3.14)

∆V π = VS{−cosΦ0 + εS
√

1 + α2sinΦ0sin(Φ0 + β̃)} (3.15)

∆V 3π
2

= VS{sinΦ0 + εS
√

1 + α2cosΦ0cos(Φ0 + β̃)} (3.16)

We want to manipulate equations 3.13, 3.14, 3.15, 3.16 to find explicit expression for

S and φ. Let us consider the following differences:

∆V −∆V π = 2VScos(ω0τ − φ) (3.17)

∆V 3π
2
−∆V π

2
= 2VSsin(ω0τ − φ) (3.18)

Using the fundamental trigonometric identity we can straightforwardly retrieve an

explicit expression for S:

S =
1

2V

√
(∆V −∆V π)2 +

(
∆V 3π

2
−∆V π

2

)2

(3.19)

Furthermore, dividing the equations 3.17 and 3.18 an expression of φ is found:

φ = ω0τ − atan

(
∆V 3π

2
−∆V π

2

∆V −∆V π

)
(3.20)
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Also in this case the extension atan2 of the arc tangent is considered.

Equations 3.19 and 3.20 are first order reconstruction formulas for the modulus and

phase of the scattering coefficient in the weak regime. Four signals in four different

experimental configurations(i.e. four different values of the laser-tip distance) are

needed to implement a retrieval of σ by using these formulas.

3.2.2 Second order analytic reconstruction of S and φ

In this subsection we consider the second order expansion for ∆V given by the equa-

tion 3.12. Similarly to the last subsection we consider particular values of the shift of

Φ0 and then we manipulate the signal equations to retrieve expressions for modulus

and phase of the scattering coefficient. First, let us consider π
2
, π and 3π

2
as values of

the shift. We have:

∆Vπ
2

= VS{−sinΦ0 + εS ′cosΦ0cosΦ
′
0 − ε2S ′

2
cosΦ′0

[
1

2
sinΦ0cosΦ

′
0 + cosΦ0sinΦ′0

]
}

(3.21)

∆Vπ = VS{−cosΦ0 + εS ′sinΦ0sinΦ′0 + ε2S ′
2
sinΦ′0

[
1

2
cosΦ0sinΦ′0 + sinΦ0cosΦ

′
0

]
}

(3.22)

∆V 3π
2

= VS{sinΦ0 + εS ′cosΦ0cosΦ
′
0 − ε2S ′

2
cosΦ′0

[
1

2
sinΦ0cosΦ

′
0 + cosΦ0sinΦ′0

]
}

(3.23)

Summing the equations 3.12, 3.21, 3.22 and 3.23 we obtain the following equation:

2Vε
√

1 + α2cosβ̃S2 = ∆V + ∆Vπ
2

+ ∆Vπ + ∆V 3π
2

(3.24)

In the following part of the mathematical treatment this equation will result very

useful.

Let us consider now four more values of shift: π
4
, 3π

4
, 5π

4
, 7π

4
. Introducing these shifts
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into the signal equation, we obtain:

∆Vπ
4

= VS{
√

2

2
(cosΦ0 − sinΦ0) +

εS ′

2

[
cosβ̃ + sin(2Φ0 + β̃)

]
+

− ε2S ′
2

√
2

8
[sinΦ′0 + cosΦ′0]

[
3cos(2Φ0 + β̃)− sinβ̃

]
} (3.25)

∆V 3π
4

= VS{
√

2

2
(−sinΦ0 − cosΦ0) +

εS ′

2

[
cosβ̃ − sin(2Φ0 + β̃)

]
+

− ε2S ′
2

√
2

8
[cosΦ′0 − sinΦ′0]

[
−3cos(2Φ0 + β̃)− sinβ̃

]
} (3.26)

∆V 5π
4

= VS{−
√

2

2
(cosΦ0 − sinΦ0) +

εS ′

2

[
cosβ̃ + sin(2Φ0 + β̃)

]
+

+ ε2S ′
2

√
2

8
[sinΦ′0 + cosΦ′0]

[
3cos(2Φ0 + β̃)− sinβ̃

]
} (3.27)

∆V 7π
4

= VS{−
√

2

2
(−sinΦ0 − cosΦ0) +

εS ′

2

[
cosβ̃ − sin(2Φ0 + β̃)

]
+

+ ε2S ′
2

√
2

8
[cosΦ′0 − sinΦ′0]

[
−3cos(2Φ0 + β̃)− sinβ̃

]
} (3.28)

Smming equations 3.25 and 3.27 we have:

∆Vπ
4

+ ∆V 5π
4

= VεS2
√

1 + α2
[
cosβ̃ + sin(2Φ0 + β̃)

]
(3.29)

Considering the equation 3.24 we can write:

∆V π
4

+ ∆V 5π
4

=
∆V + ∆Vπ

2
+ ∆Vπ + ∆V 3π

2

2cosβ̃

[
cosβ̃ + sin(2Φ0 + β̃

]
(3.30)

We can then retrieve:

sin(2Φ0 + β) = 2cosβ̃

[
∆V π

4
+ ∆V 5π

4

∆V + ∆Vπ
2

+ ∆Vπ + ∆V 3π
2

− 1

2

]
(3.31)

Furthermore, summing equations 3.21 and 3.23, and equations 3.12 and 3.22 we

obtain:

∆V π
2

+ ∆V 3π
2

= 2VεS2
√

1 + α2cos(Φ0)cos(Φ′0) (3.32)

∆V + ∆V π = 2VεS2
√

1 + α2sin(Φ0)sin(Φ′0) (3.33)
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Calculating the difference between the last two equations and using the equation 3.24

we have:

(∆V π
2

+ ∆V 3π
2

)− (∆V + ∆V π) = 2VεS2
√

1 + α2cos(2Φ0 + β̃) =

= (∆V + ∆Vπ
2

+ ∆Vπ + ∆V 3π
2

)
cos(2Φ0 + β̃)

cosβ̃

(3.34)

At this point we can write explicitly cos(2Φ0 + β̃):

cos(2Φ0 + β̃) = cosβ̃

[
(∆V π

2
+ ∆V 3π

2
)− (∆V + ∆V π)

∆V + ∆Vπ
2

+ ∆Vπ + ∆V 3π
2

]
(3.35)

Equations 3.31 and 3.35 allows to retrieve 2Φ0 + β̃. But remembering the relation

between Φ0 and φ, they also allow to retrieve the phase φ of the scattering coefficient

σ in the second order approximation. At this point, we want to find a procedure to

determine also the modulus S.

Let us consider the following difference:

∆Vπ
4
−∆V 5π

4
= VS{

√
2(cosΦ0−sinΦ0)−ε2S ′2

√
2

4
[sinΦ′0 + cosΦ′0]

[
3cos(2Φ0 + β̃)− sinβ̃

]
}

(3.36)

Then let us calculate the square of the equation 3.24:

4V2ε2(1 + α2)cos2β̃S4 =
[
∆V + ∆Vπ

2
+ ∆Vπ + ∆V 3π

2

]2

(3.37)

Inserting 3.37 into 3.36, we have:

∆Vπ
4
−∆V 5π

4
= VS

√
2(cosΦ0 − sinΦ0) +

−

[
∆V + ∆Vπ

2
+ ∆Vπ + ∆V 3π

2

]2

4VScos2β̃

√
2

4
[sinΦ′0 + cosΦ′0]

[
3cos(2Φ0 + β̃)− sinβ̃

]
(3.38)
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Then, multuplying by S both of the sides:

− V
√

2(cosΦ0 − sinΦ0)S2 + (∆Vπ
4
−∆V 5π

4
)S +

+

[
∆V + ∆Vπ

2
+ ∆Vπ + ∆V 3π

2

]2

Vcos2β̃

√
2

16
[sinΦ′0 + cosΦ′0]

[
3cos(2Φ0 + β̃)− sinβ̃

]
= 0

(3.39)

It is a quadratic equation with unknown S. Therefore, it is possible to determine the

modulus of scattering coefficient by solving this equation. Six signals are needed to

retrieve S.

It is known that the solution of a quadratic equation is a fraction where the coefficient

of the quadratic term appears as denominator. We can notice that the coefficient

of the quadratic term in the equation 3.39 depends on trigonometric functions of

Φ0. Remembering that Φ0 depends on τ which is an oscillating quantity(because

of the oscillation of the tip in the SD s-SNOM configuration), also this coefficient

oscillates. For some values of the experimental parameters(emission frequency, tip

oscillation amplitude and frequency) this coefficient can oscillate around the value

zero, so that mathematical difficulties arise while solving the equation 3.39. We need

to find a second equation with a quadratic coefficient which is different from 0, when

the quadratic coefficient of the equation 3.39 is zero.

Let us consider the difference:

∆V 3π
4
−∆V 7π

4
= VS{

√
2(−sinΦ0 − cosΦ0) +

− ε2S ′
2

√
2

4
[cosΦ′0 − sinΦ′0]

[
−3cos(2Φ0 + β̃)− sinβ̃

]
} (3.40)
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Using the equation 3.24 and proceding similarly to the retrieval of equation 3.39 we

obtain:

− V
√

2(−cosΦ0 − sinΦ0)S2 + (∆V 3π
4
−∆V 7π

4
)S +

+

[
∆V + ∆Vπ

2
+ ∆Vπ + ∆V 3π

2

]2

Vcos2β̃

√
2

16
[−sinΦ′0 + cosΦ′0]

[
−3cos(2Φ0 + β̃)− sinβ̃

]
= 0

(3.41)

We can notice that the quadratic coeffcients of equations 3.39 and 3.41 can not assume

the value zero simultaneously. Therefore, they result complementary in the retrieval

of S.

In conclusion, we can retrieve S and φ by using the equations 3.31, 3.35, 3.39 and 3.41.

These are reconstruction formulas based on the second order approximation of the

signal equation, valid in the weak regime. We can notice that eight signals are need

to implement this reconstruction. Let us remind that in the first order approximation

four signals are needed to retrieve the scattering coefficient.

In the last part of this subsection we present othe reconstruction formulas which are

equivalent to the ones already presented.

An alternative expression for sin(2Φ0 + β̃) can be retrieved considering the sum

∆V 3π
4

+ ∆V 7π
4

:

sin(2Φ0 + β) = 2cosβ̃

[
−

∆V 3π
4

+ ∆V 7π
4

∆V + ∆Vπ
2

+ ∆Vπ + ∆V 3π
2

+
1

2

]
(3.42)
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Furthermore two more complementary quadratic equations with unknown S can be

found:

− VcosΦ0S
2 +

1

2
(∆V −∆Vπ)S +

+

[
∆V + ∆Vπ

2
+ ∆Vπ + ∆V 3π

2

]2

4Vcos2β̃
sinΦ′0

[
1

2
cos(Φ0)sin(Φ′0) + cos(Φ′0)sin(Φ0)

]
= 0

(3.43)

− VsinΦ0S
2 +

1

2
(∆V 3π

2
−∆Vπ

2
)S +

+

[
∆V + ∆Vπ

2
+ ∆Vπ + ∆V 3π

2

]2

4Vcos2β̃
cosΦ′0

[
1

2
sin(Φ0)cos(Φ′0) + sin(Φ′0)cos(Φ0)

]
= 0

(3.44)

All these equations can be used to retrieve S and φ in the second order approximation

in the weak regime.

3.2.3 Second order numerical reconstruction of S and φ

In the previous subsections we found some reconstruction equations for S and φ

based on the first order and the second order approximations. In the first order

approximation four signals are needed to implement the retrieval of modulus and

phase of the scattering coefficient, while in the second order approximation we should

experimentally measure eight self-mixing signals in a SD s-SNOM configuration.

Such a large number of signal detections is of course difficult experimentally, so it

is desirable to investigate reconstruction means which employ fewer phase-shifted

signals. Let us consider the problem from a pure mathematical point of view. We

are interested to determine two quantities, S and φ, which is an angle expressed in

radiants, so that sine and cosine must be determined. Therefore, we want to determine

three quantities and this can be done considering a system with three equations and
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three unknowns. The first equation is the trigonometric fundamental identity:

sin2(φ) + cos2(φ) = 1 (3.45)

We can conclude that only two signal equations are needed to implement the recon-

truction of S and φ.

In this way, if we make without an analytic approximated expression linking S and φ

to the signals, we can resort to equations 3.12, 3.21 which depend on our unknowns.

Of course the solutions at this point are purely numerical, since we are obligated to

implement the reconstruction by solving numerically a system of three equations(3.12,

3.21 and 3.45) in three unknowns (S, cosφ and sinφ). Only two experimental signals

are needed to implement the second order approximated reconstruction of the scat-

tering coefficient based on the numerical solving of this system.

The main problem of this reconstruction procedure is given by the implementation

of the solving algorithm: initial conditions are needed to find the solution of the

system. Therefore, the solution values should be approximatively known before than

solving the equations. This aspect can make the numerical retrieval very complicated,

because also a procedure to extimate the solutions must be found.

3.3 Retrieval of the scattering coefficient harmon-

ics

In this section we want to retrieve approximated expressions for modulus sn and phase

φn of the Fourier coefficients of σ, valid in the weak feedback regime. In the section 2.4

we already found expressions for these quantities based on zero order approximation

ωF ≈ ω0. Here we want to find an extension to the first order in ε. Let us consider

again the equations the equations 2.15 and 2.16, i.e. the Lang-Kobayashi equations for

modulus and phase of the scaled eletric field, after substituting into the expression of
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k̃ the Fourier series expansion of σ. In this mathematical treatment we are assuming

that the tip oscillates at frequency Ω so that we can write the scattering coefficient

according to the equation 2.9. We already applied the steady-state conditions to the

equation 2.15 and we found the equation 2.18, where the signal ∆V is expressed as

a series. At this point let us consider the equation 2.16. Imposing the steady-state

conditions Ẽ(t)=Ẽ(t− τ)=Ẽs, Φ̃(t)=(ωF -ω0)t and Ñ(t)=Ñs we have:

ωF − ω0 =
1

2τp

[
α
(
Ñs − 1

)
− V

∞∑
n=−∞

snsin [ωF τ − nΩt− φn]

]
(3.46)

Remembering the definition of ∆V and substituting the equation 2.18 into the pre-

vious equation we obtain:

ωF − ω0 = − V

2τp
{α

∞∑
n=−∞

sncos [ωF τ − nΩt− φn] +

+
∞∑

n=−∞

snsin [ωF τ − nΩt− φn]} (3.47)

Multiplying by τ this equation and expliciting the expression V, we write:

ωF τ = ω0τ −
τ

τc
ã

(
1−R√
R

)
{α

∞∑
n=−∞

sncos [ωF τ − nΩt− φn] +

+
∞∑

n=−∞

snsin [ωF τ − nΩt− φn]} (3.48)

Remembering the definition of ε given by equation 1.68 we rewrite as:

ωF τ = ω0τ − ε{α
∞∑

n=−∞

sncos [ωF τ − nΩt− φn] +

+
∞∑

n=−∞

snsin [ωF τ − nΩt− φn]} (3.49)

Considering the definition of β̃ the last equation can be straightforwardly written as:

ωF τ = ω0τ − ε
√

1 + α2{
∞∑

n=−∞

sncos(β̃)cos [ωF τ − nΩt− φn] +

+
∞∑

n=−∞

snsin(β̃)sin [ωF τ − nΩt− φn]} (3.50)
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Using the trigonometric sum identity for the sine we finally have:

ωF τ = ω0τ − ε
√

1 + α2

∞∑
n=−∞

snsin
[
ωF τ − nΩt− φn + β̃

]
(3.51)

This is an implicit equation with ωF as unknown. Similarly to the previous section,

we assume this expression for ωF :

ωF τ ≈ ω0τ + εω̃1τ + ε2ω̃2τ (3.52)

At this point we want to determine the first order and second order coefficients.

Substituting equation 3.52 into the equation 3.51 we have:

εω̃1τ + ε2ω̃2τ = −ε
√

1 + α2

∞∑
n=−∞

snsin
[
Φn + εω̃1τ + ε2ω̃2τ + β̃

]
(3.53)

where Φn is defined as:

Φn = ω0τ − nΩt− φn (3.54)

Using the sum identity for the sine function and the second order Taylor expansion

for sine and cosine we can write:

εω̃1τ + ε2ω̃2τ = −ε
√

1 + α2

∞∑
n=−∞

sn{sin(Φn + β̃)cos(εω̃1τ + ε2ω̃2τ) +

+ cos(Φn + β̃)sin(εω̃1τ + ε2ω̃2τ)} ≈

≈ −ε
√

1 + α2

∞∑
n=−∞

sn{sin(Φn + β̃)(1− ε2

2
ω̃2

1τ
2) +

+ cos(Φn + β̃)(εω̃1τ + ε2ω̃2τ)} ≈

≈ −ε
√

1 + α2

∞∑
n=−∞

sn{sin(Φn + β̃) + εω̃1τcos(Φn + β̃)} =

= ε

[
−
√

1 + α2

∞∑
n=−∞

snsin(Φn + β̃)

]
+

+ ε2

[
−
√

1 + α2ω̃1τ

∞∑
n=−∞

sncos(Φn + β̃)

]
(3.55)



Retrieval of the scattering coefficient harmonics 79

We find then the expressions for the first order and second order coefficients:

ω̃1τ = −
√

1 + α2

∞∑
n=−∞

snsin(Φn + β̃) (3.56)

ω̃2τ = (1 + α2)
∞∑

n=−∞

∞∑
m=−∞

snsmsin(Φn + β̃)cos(Φm + β̃) (3.57)

We clearly see that the correction at first order appears quite manageable, while

the second one is more involved. For the rest of this section, we will assume a first

order approximation and apply eq. 3.56 in the expansion 3.52 of ωF to derive simple

analytical results for the hamonics of S and φ:

ωF τ = ω0τ −
√

1 + α2

∞∑
n=−∞

snsin(Φn + β̃) (3.58)

We substitute it into the signal equation 2.18 obtaining:

∆V = V
∞∑

n=−∞

sncos

[
ω0τ − nΩt− φ− ε

√
1 + α2

∞∑
m=−∞

smsin(Φm + β̃)

]
=

= V
∞∑

n=−∞

sncos

[
Φn − ε

√
1 + α2

∞∑
m=−∞

smsin(Φm + β̃)

]
=

= V
∞∑

n=−∞

sn{cosΦncos(ε
√

1 + α2

∞∑
m=−∞

smsin(Φm + β̃)) +

+ sinΦnsin(ε
√

1 + α2

∞∑
m=−∞

smsin(Φm + β̃))} ≈

≈ V
∞∑

n=−∞

sn{cosΦn + sinΦnε
√

1 + α2

∞∑
m=−∞

smsin(Φm + β̃)} (3.59)

Similarly to the last section we can introduce a shift of the quantity Φn. For the

particular values of shift π
2
, π and 3π

2
we have:

∆V π
2

= V
∞∑

n=−∞

sn{−sinΦn + cosΦnε
√

1 + α2

∞∑
m=−∞

smcos(Φm + β̃)} (3.60)

∆V π = V
∞∑

n=−∞

sn{−cosΦn + sinΦnε
√

1 + α2

∞∑
m=−∞

smsin(Φm + β̃)} (3.61)

∆V π
2

= V
∞∑

n=−∞

sn{sinΦn + cosΦnε
√

1 + α2

∞∑
m=−∞

smcos(Φm + β̃)} (3.62)
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We can now consider the difference between ∆V and ∆V π:

∆V −∆V π = 2V
∞∑

n=−∞

sncosΦn =

= Vs0cos(ω0τ − φ0) + 2V
∞∑
n=1

[sncos(ω0τ − nΩt− φn) + s−ncos(ω0τ + nΩt− φ−n)] =

= Vs0cos(ω0τ − φ0) + 2V
∞∑
n=1

sncos(ω0τ − φn)cos(nΩt) (3.63)

We used the property of ∆V , which is an even function. Then we can explicitly write

the generic Fourier coefficient of the difference ∆V −∆V π:

(∆V −∆V π)n = 2Vsncos(ω0τ − φn) (3.64)

Furthermore let us consider the the difference between ∆V 3π
2

and ∆V π
2
:

∆V 3π
2
−∆V π

2
= 2V

∞∑
n=−∞

snsinΦn =

= Vs0sin(ω0τ − φ0) + 2V
∞∑
n=1

[snsin(ω0τ − nΩt− φn) + s−nsin(ω0τ + nΩt− φ−n)] =

= Vs0sin(ω0τ − φ0) + 2V
∞∑
n=1

sn [sin(ω0τ − nΩt− φn) + sin(ω0τ + nΩt− φn)] =

= Vs0sin(ω0τ − φ0) + 2V
∞∑
n=1

snsin(ω0τ − φn)cos(nΩt) (3.65)

Then we can write:

(∆V 3π
2
−∆V π

2
)n = 2Vsnsin(ω0τ − φn) (3.66)

At this point we can easily retrieve an explicit expression for sn and φn, manipulating

the equations 3.64 and 3.66:

sn =
1

2V

√
((∆V 3π

2
−∆V π

2
)n)2 + ((∆V −∆V π)n)2 (3.67)

φn = ω0τ − atan

[
(∆V 3π

2
−∆V π

2
)n

(∆V −∆V π)n

]
(3.68)
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Using the linearity of the integrals we obtain:

sn =
1

2V

√
((∆V 3π

2
)n − (∆V π

2
)n)2 + (∆Vn − (∆V π)n)2 (3.69)

φn = ω0τ − atan

[
(∆V 3π

2
)n − (∆V π

2
)n

∆Vn − (∆V π)n

]
(3.70)

Also in this case the extension atan2 of the arc tangent function is considered. These

formulas allow to retrieve the Fourier coefficients of σ through the experimental mea-

surements of the harmonics of four signals. Since the harmonics of the signals are

quantities directly measurable exploiting a lock-in amplifier, these formulas can be

directly applied to experimental data. Furthermore it should be noticed that the

equations 3.69 and 3.70 have the same mathematical structure of the equations 3.19

and 3.20. Therefore in the first order approximation the relation linking sn and φn

with the harmonics of four signals is the same relation linking S and φ with the four

considered signals.

3.4 Retrieval of the scattering coefficient: results

In the previous section we have found two analytic and one numerical reconstructions

for the scattering coefficient σ and also first order approximated analytic expressions

for its harmonics were retrieved and presented. In this section we want to show

the results of simulations of SD s-SNOM measurements applied to Cesium Bromide,

aimed to test the original retrieved formulas and comparing them. All the simulations

will be performed by setting numvol=20, FS=40Ω, Ω=15380 Hz, zA=105 nm, where

numvol is the number of tip oscillation periods considered for a fixed value of the

emission frequency of the laser, FS is the the sampling rate for a single tip oscillation

period, Ω and zA are respectively frequency and amplitude of the tip oscillation. This

choice for the values of these paramaters concerns all the simulations considered in

this chapter.
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3.4.1 First order analytic reconstruction of S and φ

Let us consider the equations 3.19 and 3.20. We want to simulate a SD s-SNOM

measurement on Cesium Bromide in the region of Terahertz. Self-mixing signals are

generated and then using the first order approximated formulas, S and φ are finally

retrieved. In figure 3.2 plots of S retrieved by using the equation 3.19 are shown.

These graphics have been determined for different values of the parameter epsilonc,

which corresponds to different portions of radiation reinjected into the laser cavity,

i.e. different values of the feedback parameter C. We already mentioned that C varies

during the the simulated experiment because of the tip oscillation and because of the

emission frequency shift. Therefore for each value of epsilonc we consider as represen-

tative value of C, its maximum value Cmax assumed during the simulated experiment.

We considered epsilonc=5·10−4, which corresponds to Cmax=0.07, epsilonc=15·10−4,

corresponding to Cmax=0.2, epsilonc=25 ·10−4, which corresponds to Cmax=0.33 and

epsilonc=35 · 10−4, which is associated to Cmax=0.46, epsilonc=50 · 10−4(Cmax=0.65)

and epsilonc=70·10−4(Cmax=0.92). These plots must be compared with figure 2.1(a),

where the plot of S calculated by using the FD model is shown. We can notice that

with Cmax increasing, the difference between the reconstruction and the reference plot

increases as well. In particular a dip in an interval around 80 cm−1 becomes deeper

when the feedback increases. This is in agreement with the expectations, since if

the feedback gets stronger the neglected terms in the series expression of the signals

become more relevant.

We want to estimate the reliability of the reconstruction as epsilonc increases. There-

fore we consider again the indicator IS defined by the equation 2.27. In figure 3.3 the

plots of IS versus the wavenumber, corresponding to the six considered reconstruction

of S by equation 3.2 are shown. We can notice that the curves corresponding to higher

feedback stand above the ones associated to lower values of C. It is thus clear that
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(a)

(b)

(c)

(d)

Figure 3.1: Plots of S reconstructed through the equation 3.19 for epsilonc=5·10−4(a),

epsilonc=15 ·10−4(b), epsilonc=25 ·10−4(c), epsilonc=35 ·10−4(d). On the horizontal

axis the wavenumber expressed in cm−1.
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(a)

(b)

Figure 3.2: Plots of S reconstructed through the equation 3.19 for epsilonc=50 ·

10−4(a), epsilonc=70 · 10−4(b). On the horizontal axis the wavenumber expressed in

cm−1.
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Figure 3.3: Plots of the indicator IS versus the wavenumber, for epsilonc=5·10−4(blue

curve), epsilonc=15 · 10−4(red curve), epsilonc=25 · 10−4(black curve), epsilonc=35 ·

10−4(green curve), epsilonc=50 ·10−4(brown curve), epsilonc=70 ·10−4(purple curve).

the reconstruction procedure becomes less precise as the feedback increases. It must

be noticed anyway that the relative error keeps well below 10% until Cmax = 0.65

and reaches the 11% for Cmax = 0.92, which seems still quite accepatble in the field.

Let us consider now the plots of φ retrieved by using the first order approximated

formula 3.20, for the same values of epsilonc considered for the reconstruction of S.

These graphics are shown in figures 3.4 and 3.5. In this case we can notice a general

similarity among the four plots. We should analyze the efficacy of the reconstructions

for different values of the feedback, by using the indicator Iφ previously defined by

the equation 2.28. In figure 3.6 the plots of Iφ for the considered reconstructions

are shown. Also in this case we can notice that the accuracy of the reconstruction

decreases with the feedback increasing, according to the expectations. Furthermore,

the absolute error keeps below 0.1 rad for all the considered simulations.



86 CHAPTER 3

(a)

(b)

(c)

(d)

Figure 3.4: Plots of φ reconstructed through the equation 3.20 for epsilonc=5·10−4(a),

epsilonc=15 ·10−4(b), epsilonc=25 ·10−4(c), epsilonc=35 ·10−4(d). On the horizontal

axis the wavenumber expressed in cm−1.
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(a)

(b)

Figure 3.5: Plots of φ reconstructed through the equation 3.20 for epsilonc=50 ·

10−4(a), epsilonc=70 · 10−4(b). On the horizontal axis the wavenumber expressed in

cm−1.
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Figure 3.6: Plots of the indicator Iφ expressed in radiants versus the wavenum-

ber expressed in cm−1, for epsilonc=5 · 10−4(blue curve), epsilonc=15 · 10−4(red

curve), epsilonc=25 ·10−4(black curve), epsilonc=35 ·10−4(green curve), epsilonc=50 ·

10−4(brown curve), epsilonc=70 · 10−4(purple curve).

3.4.2 Second order analytic reconstruction of S and φ

In this subsection we want to show simulated plot of S and φ reconstructed by using

the second order approximated equations 3.31, 3.35, 3.39 and 3.41. They constitute

an analytic reconstruction of the scattering coefficient in the weak feedback regime.

Similarly to the previous subsection, let us consider the reconstruction of S. In figures

3.7 and 3.8 the plots of S for epsilonc=5 ·10−4, epsilonc=15 ·10−4, epsilonc=25 ·10−4,

epsilonc=35 · 10−4, epsilonc=50 · 10−4, epsilonc=70 · 10−4 are shown. Also in this

case we can notice the presence of a dip characterizing the plots, which gets more

evident when the feedback increases. Let us remind that this reconstruction for S is

based on two complementary quadratic equations: we first consider the solution of

one of them and, when the value of the quadratic coefficient gets too close to zero,

we consider the solution of the other equation. The presence of the dip in the shown

plots is due to this theoretical aspect. At this point we want to check the accuracy
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(a)

(b)

(c)

(d)

Figure 3.7: Plots of S reconstructed through the equation 3.39 and 3.41 for ep-

silonc=5 ·10−4(a), epsilonc=15 ·10−4(b), epsilonc=25 ·10−4(c), epsilonc=35 ·10−4(d).

On the horizontal axis the wavenumber expressed in cm−1.
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(a)

(b)

Figure 3.8: Plots of S reconstructed through the equation 3.39 and 3.41 for ep-

silonc=50 · 10−4(a), epsilonc=70 · 10−4(b). On the horizontal axis the wavenumber

expressed in cm−1.
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Figure 3.9: Plots of the indicator IS versus the wavenumber, for epsilonc=5·10−4(blue

curve), epsilonc=15 · 10−4(red curve), epsilonc=25 · 10−4(black curve), epsilonc=35 ·

10−4(green curve), epsilonc=50 ·10−4(brown curve), epsilonc=70 ·10−4(purple curve).

of the reconstruction while increasing the feedback, by using the indicator IS. In

figure 3.9 the plots of IS for the considered reconstructions are shown. Similarly

to the first order case, the plots show growing errors with the feedback strength as

expected. Furthermore, we can notice that also for epsilonc = 70 · 10−4 (Cmax=0.92)

the relative error is less than 10%.

Let us consider now the reconstruction of the phase φ of the scattering coefficient.

In figures 3.10 and 3.11 the plots of φ retrieved by using the equations 3.31 and 3.35

are presented. Let us compare the accuracy of these reconstructions bu using the

absolute error Iφ. In figure 3.12 the plots of this indicator are shown and we can

conclude also in this case that the efficacy of the reconstruction gets lower while C

increases, because the negleted terms into the series expansion of the signals become

more relevant.
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(a)

(b)

(c)

(d)

Figure 3.10: Plots of φ reconstructed through the equations 3.31 and 3.35 for ep-

silonc=5 ·10−4(a), epsilonc=15 ·10−4(b), epsilonc=25 ·10−4(c), epsilonc=35 ·10−4(d).

On the horizontal axis the wavenumber expressed in cm−1.
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(a)

(b)

Figure 3.11: Plots of φ reconstructed through the equations 3.31 and 3.35 for ep-

silonc=50 · 10−4(a), epsilonc=70 · 10−4(b). On the horizontal axis the wavenumber

expressed in cm−1.
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Figure 3.12: Plots of the indicator Iφ expressed in radiants versus the wavenum-

ber expressed in cm−1, for epsilonc=5 · 10−4(blue curve), epsilonc=15 · 10−4(red

curve), epsilonc=25 ·10−4(black curve), epsilonc=35 ·10−4(green curve), epsilonc=50 ·

10−4(brown curve), epsilonc=70 · 10−4(purple curve).

3.4.3 Comparison between the first and second order ana-

lytic reconstructions of S and φ

In the subsections 3.4.1 and 3.4.2 we have shown plots of modulus S and phase φ

of the scattering coefficient σ reconstructed by using first order and second order

approximated formulas. For the first order reconstruction we have considered the

indicators IS and Iφ to verify that the accuracy of the reconstruction decreases while

the feedback parameter C increases. We expected this because the neglected terms in

the approximated expression of the signal as a series(see equation 3.13) become more

relevant with the feedback increasing, since the quantity ε is proportional to epsilonc,

and then proportional to C (see equations 1.46, 1.68 and 2.26). We have repeated

the same analysis for the second order analytic expressions of S and φ, finding the

same agreement with the expectations.



Retrieval of the scattering coefficient: results 95

In this subsection we want to consider again the indicators IS and Iφ, but for a

different aim. In fact we want to compare the two analytic reconstructions of the

scattering coefficient fixing the value of epsilonc, i.e. the value of Cmax. Let us

first consider the reconstruction of S. In figure 3.13 we have four graphics corre-

sponding to four values of the parameter epsilonc previously considered in the sim-

ulations, i.e. epsilonc=5 · 10−4(figure 3.13(a)), epsilonc=15 · 10−4 (figure 3.13(b)),

epsilonc=25 · 10−4(figure 3.13(c)), epsilonc=35 · 10−4(figure 3.13(d)). Let us recall

that they correspond respectively to Cmax=0.07, Cmax=0.2, Cmax=0.33, Cmax=0.46.

In each graphic two plots are shown: the indicator IS versus the wavenumber for the

first order(blue line) and the second order(red line) reconstruction. We can notice that

the four graphics reproduce the same situation on different scales for the vertical axis.

In fact the first order reconstruction results more accurate in the interval between 50

cm−1 and 72.5 cm−1. This fact can be due to several reasons. First we should consider

that the second order formulas are not the extensions of the first order ones, but they

are retrieved by a different mathematical procedure and exploit a different number

of signals. We are not directly expanding S as a series and approximating it until

first or second order, but we are considering the expansion of the signals, and then

we are retrieving S through an equation linking it with the signals. Therefore, it is

not obvious that the second order reconstruction would result more accurate than the

first order one. Furthermore, we should notice that the coefficients in the signal ap-

proximated expressions(see equation 3.12) depend on trigonometric functions which

vary between -1 and 1 while the tip oscillating and the emission frequency shifting.

Therefore it can happen that the second order term in the signal expansion is larger

than the first order one, or it has the same order of magnitude. This fact implies that

the coefficients of the terms(the quantity multiplying respectively ε and ε2) are not

quantities of the same order, contradicting the hypotheses of the series expansions.
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(a)

(b)

(c)

(d)

Figure 3.13: Plots of IS versus wavenumber for the first order(blue line) and the

second order(red line) analytic reconstructions for epsilonc=5 ·10−4(a), epsilonc=15 ·

10−4(b), epsilonc=25 · 10−4(c), epsilonc=35 · 10−4(d).
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The higher boundary of the interval where the first order reconstruction is more accu-

rate than the second order one is very close to the wavenumber corresponding to the

TO phonon resonance for the Cesium Bromide, i.e. 73 cm−1. Then we observe that

for wavenumbers larger than 73 cm−1 the second order reconstruction results more

accurate, even if the order of magnitude of the indicators for the two reconstructions

remains the same. Therefore the second order reconstruction for S is more reliable

in the Reststrahlen region, between the two phonon resonances.

Let us consider now the recontructions of φ. In figure 3.14 the plots of Iφ for the

first order and second order reconstructions are shown, for the same values of Cmax

considered for the plots of IS. Also in this case there are regions where the first order

reconstruction presents a higher accuracy. In general, the order of magnitude of the

indicators, for a fixed value of Cmax(or equivalently epsilonc)), is the same.

According to the analysis of the plots of the indicators IS and Iφ, we can say that

the two reconstructions are generally equivalent. We should also consider that the

second order method exploits a number of signals which is twice the number of signals

exploited by the first order formulas. For these reasons we can conclude that the first

order reconstruction is preferable.

3.4.4 Second order numerical reconstruction of S and φ

In this section we want consider the numerical reconstruction of modulus and phase

of the scattering coefficient presented in subsection 3.2.3 and show the results of the

performed simulations.

As we already mentioned, the retrieval of S and φ by using this method exploits an

algorithm which needs initial conditions to be implemented. We used initial conditions
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(a)

(b)

(c)

(d)

Figure 3.14: Plots of Iφ versus wavenumber for the first order(blue line) and the second

order(red line) analytic reconstructions for epsilonc=5·10−4(a), epsilonc=15·10−4(b),

epsilonc=25 · 10−4(c), epsilonc=35 · 10−4(d).
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(a) (b)

(c) (d)

Figure 3.15: Plots of numerical reconstructions of S(left) and φ(right) versus

wavenumber for k = 10−3(a), (b) and k = 10−6(c), (d).

for S and φ expressed by the formula:

Sin = rand · kScalc (3.71)

φin = rand · kφcalc (3.72)

where the subscript in indicates the initial values, rand is a random real number

between 0 and 1 and the subscript calc indicates the calculated values of S and φ

in the FD model frame, i.e. the values in the plots shown in figure 2.1, and k is a

parameter that we choose for each simulation.

We performed two simulations, by setting k=10−3 and k=10−6, at epsilonc=10−3. In

figure 3.15 the plots of reconstructed S and φ are shown.

In order to compare the accuracy of the simulations, we consider the indicators IS

and Iφ. The plots of the indicators for the two performed numerical reconstructions
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(a)

(b)

Figure 3.16: Plots of IS(a) and Iφ(b) for the numerical reconstructions for k =

10−3(blue) and k = 10−6(red).
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are shown in figure 3.16. We can notice that the reconstruction corresponding to

the lower value ok k results more accurate in all the considered wavenumber region.

Therefore, we understand that the reliability of this method is strongly dependent

on the initial conditions that we impose into the solving algorithm. Therefore, in

order to apply this method to experimental data, the precision that we achieve in

estimating the solutions of the system has a relevant role.

3.5 Retrieval of the scattering coefficient harmon-

ics: results

In this section we consider the retrieval of the scattering coefficient harmonics σn

through the first order approximated formulas 3.69 and 3.70, and show the results of

simulations applied to the Cesium Bromide.

Let us first consider the modulus sn of the Fourier coefficients σn. We consider the

third harmonic σ3. As we explained in the section about the reconstruction of σn

in the very weak regime, we consider this harmonic because the behaviour of the

others is similar and, according to experiments, it is the first one satisfactorily inde-

pendent of the background scattering. In figure 3.69(a) the plots of s3 calculated by

using the FD model(black line), and reconstructed by using the first order approxi-

mated formula 3.69 for epsilonc=10·10−4(green line), epsilonc=40·10−4(red line) and

epsilonc=70 · 10−4(blue line) are shown. These values of epsilonc correspond respec-

tively to Cmax=0.13, Cmax=0.52 and Cmax=0.92. In figure 3.69(b) the corresponding

plots of the indicator Is3 are shown for these three reconstructions. Observing these

graphics, we can notice that the relevant differences about the accuracy of the re-

constructions concern the region just after the TO phonon resonance wavenumber 73

cm−1. In this region the accuracy generally decreases while the feedback increases.
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(a)

(b)

Figure 3.17: Plots of s3(a)calculated by FD model(black line), and reconstructed by

using the formula 3.69 for epsilonc=10 · 10−4(green line), epsilonc=40 · 10−4(red line)

and epsilonc=70 · 10−4(blue line). In the figure (b) we have the corresponding plots

for the indicator IS3 . On the horizontal axis the wavenumber expressed in cm−1.
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(a)

(b)

Figure 3.18: Plots of φ3(a)calculated by FD model(black line), and reconstructed by

using the formula 3.69 for epsilonc=10 · 10−4(green line), epsilonc=40 · 10−4(red line)

and epsilonc=70 · 10−4(blue line). In the figure (b) we have the corresponding plots

for the indicator Iφ3 . On the horizontal axis the wavenumber expressed in cm−1.

In fact we can notice that the plot of IS for Cmax=0.92 presents peaks with order

of magnitude about 0.4 and the order of magnitude of these peaks decreases if we

consider lower feedback.

Let us consider now the plots of φ3 and Iφ3 , shown in figure 3.18 obtained for the

same values of epsilonc considered for the reconstruction of s3. We can notice that

between 50 cm−1 and 73 cm−1, around 90 cm−1, and between 130 cm−1 and 140 cm−1

the indicator Iφ has an anomalous behaviour, since the accuracy of the reconstruction

increases while the feedback increases.



104 CHAPTER 3

Between 73 cm−1 and 78 cm−1 and between 84 cm−1 and 87 cm−1 the accuracy

decreases with the feedback increasing, according to the expectations. Between 78

cm−1 and 82 cm−1 the reconstruction corresponding to the higher feedback result the

less accurate, but there is an anomalous behaviour if we compare the other two re-

constructions, since the one corresponding to epsilonc=40 · 10−4 results less accurate

than the lower feedback one. In the region between 91 cm−1 and 140 cm−1 the three

reconstructions result approximatively equivalent.

We can explain the anomalies in these plots by exploiting the considerations already

done in section 2.4, about the reconstruction of the σ harmonics in the very weak

regime. In fact also in the formula 3.70 we have the term ω0τ and we calculate the arc

tangent of a fraction with signal harmonics appearing in the denominator. Therefore,

we must apply the approximation L ≈ L0, in order to have a time independent right

hand side in equation 3.70, which implies an error estimated as 0.02 radians on the

values of Iφ3 . Furthermore, the calculation of the fraction presents some problems

when the denominator is close to zero. Let us consider a representative plot for the

denominator ∆V3 − (∆Vπ)3 in the equation 3.70 for n=3(see figure3.19). We can

Figure 3.19: Plot of ∆V3 − (∆Vπ)3 for epsilonc=2 · 10−3.On the horizontal axis the

wavenumber expressed in cm−1.

notice that in the wavenumber regions when anomalies occur, the value of this de-
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(a)

(b)

Figure 3.20: Plots of s3(a)calculated by FD model(black line), and reconstructed by

using the formula 3.69(red line) and the formula 2.24(blue line) for epsilonc=25 ·

10−4 In the figure (b) we have the corresponding plots for the indicator Is3 . On the

horizontal axis the wavenumber expressed in cm−1.

nominator is close or tends asymptotically to zero. So we expect a critical behaviour

of the fraction values, which can explain the irregularities.

Let us compare now the reconstruction for the scattering coefficient harmonics through

the formulas 3.69 and 3.70 with the reconstruction exploiting the equations 2.24 and

2.25 valid in the very weak feedback regime. In figure 3.20(a) the plots of s3 calcu-

lated by FD model(black line), and reconstructed by using the formula 3.69(red line)

and the formula 2.24(blue line) for epsilonc=25 · 10−4(corresponding to Cmax=0.33),

is shown, while in figure 3.20(b) we have the plots of the indicator Is3 associated to



106 CHAPTER 3

(a)

(b)

Figure 3.21: Plots of φ3(a)calculated by FD model(black line), and reconstructed by

using the formula 3.70(red line) and the formula 2.25(blue line) for epsilonc=25 ·10−4

In the figure (b) we have the corresponding plots for the indicator Iφ3 . On the

horizontal axis the wavenumber expressed in cm−1.

these two reconstructions. We chose this value of Cmax because we want to compare

the accuracy of the formulas in the weak regime, where we expect that first order

approximated formula being more accurate. Observing the plots of the indicators we

can notice that this is generally verified, except than around the wavenumber value

80 cm−1.

Let us make the same comparison for the reconstruction of φ3. Observing figure 3.21

we can notice that in the interval between 77 cm−1 and 107 cm−1 the behaviour of

the indicators Iφ3 is in agreement with the expectations. In the remaining regions
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the zero order reconstruction is more accurate than the first order one, even if we

are considering epsilonc in the weak feedback regime. First we can observe that the

region where an agreement with the expectations occurs approximatively corresponds

to the Reststrahlen region. Then, we notice that also in this case we have an anoma-

lous behaviour of the indicator for the regions where the denominators ∆Vn− (∆Vπ)n

are in proximity of the zero value. Therefore we can explain the irregularities by

considering again the critical behaviour of the fraction appearing in the equation 3.70

when the denominator is close to zero, and also the error of 0.02 radians linked to the

approximation L ≈ L0 which we exploit also in this retrieval procedure.

In conclusion, we can say that the reconstruction of the harmonics amplitudes sn

shows a behaviour in agreement with the expectations, since the first order recon-

struction results more accurate than the one valid in the very weak regime, and the

accuracy tends to decrease when the feedback strength increases.

The reconstruction of φn by using the formula 3.70 results more succesful in the Rest-

strahlen region, but presents some anomalies in the remaining considered regions.

This disagreement with the expectations can be linked to the approximation L ≈ L0,

which introduces an error in the calculation, and to the critical behaviour of the frac-

tion in equation 3.70 when the denominator approaches the value zero. We verified

that this problem occurs just in the region when we observe the anomalous behaviour

of the indicators.
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Chapter 4

Reconstruction of the dielectric

function

In Chapter 1 we have seen that the polarizability of the AFM tip interacting with the

analyzed sample in a scattering-SNOM configuration changes because of the near-field

interaction with the specimen and this variation is linked to the optical properties

of the sample. We have introduced then the effective polarizability αeff , i.e. the

polarizability of the tip material modified by the near-field interaction, which is ex-

pressed in the Finite Dipole model frame by the equation 1.43. We can notice that

in this equation the quantity β appears. Since β depends on the dielectric function

of the sample resonant material εs(see equation 1.34) and αeff is proportional to the

scattering coefficient σ(see equation 1.44), we understand that it is possible to de-

termine εs by reconstructing σ. In the chapters 2 and 3 we have presented several

reconstructions of the scattering coefficient, both in the very weak and in the weak

feedback regimes. In this chapter we will use those reconstruction to retrieve the com-

plex dielectric function of Cesium Bromide, which we considered as sample resonant

material in all the previous simulations.
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4.1 Retrieval of the dielectric function

In this section we will show the mathematical procedure aimed to retrieve εs by

using the recontructed scattering coefficient. Let us consider the equation 1.43. The

first step consists of expliciting β, which is the only quantity depending on εs in the

expression of the effective polarizability.

By inspecting equation 1.43 we note a multiplicative term which does not depend on

β:

α0 = a2Lt

Lt(ε− 1)

[
2Lt(

√
1− a

Lt
) + aln

(1−
√

1− a
Lt

)2

a
Lt

]
2Lt
√

1− a
Lt

(Lt − aε)− aLt(ε− 1)ln
(1−
√
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Lt

)2

a
Lt

(4.1)

so that equation 1.43 can be rewritten as:
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At this point we can write:
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Then, isolating β at the left hand side, we have:

β =
(αeff − 2α0)ln

(
4Lt
a

)
ln 2Lt

2z+a

[(
g − 3a+4z

4Lt

)
(αeff − 2α0) + α0(g a+z

Lt
)
] (4.4)

We can now explain how to retrieve the dielectric constant of the sample εs. First, for

a fixed value of the emission frequency of the laser(i.e. the wavenumber), we consider

σ depending on the time, reconstructed by using one of the retrieval procedures

presented in the chapters 1 and 2. Then we calculate αeff by using the relation

1.44 and we substitute it into equation 4.4. Let us remark that in a SD s-SNOM
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cofiguration αeff and z, appearing at right hand side of the equation 4.4, are time-

dependent quantities, because of the tip oscillation. Then we would have a time-

dependent β and therefore a dielectric function εs which varies with the time. The

next step of the procedure, then, consists of eliminating the time-dependence of β.

We do this calculating the time average value of the right hand side of the equation

4.4. If we vary the wavenumber of the field emitted by the laser and we perform the

calculation of the average value for each fixed value of wavenumber, we obtain β as

a function of the wavenumber. At this point we explicit εs from the equation 1.34,

obtaining:

εs =
1 + β

1− β
(4.5)

Then, by using this equation linking β to εs we retrieve the dielectric function of the

analyzed sample.

We will show the results of simulations applied to the Cesium Bromide(CsBr), the

material that we considered in all the simulations present in this work. For CsBr the

εs was obtained from litarature[37] and figures 1.17(a) and 1.17(b) show the behaviour

of its real and imaginary part for different wavenumbers. We consider these plots as

reference for the reconstructions of εs that will be shown in the next sections of this

chapter.

Then beta can be plotted by using equation 1.34. The real and imaginary parts of β as

a function of the wavenumber in the range between 50 cm−1 and 140 cm−1 are shown

respectively in figure 4.1(a) and 4.1(b). The real part has a zero value at 101 cm−1,

while the imaginary part presents a maximum for the same value of wavenumber.

Furthermore the real part tends asymptotically to 0.15 for ν between 110 cm−1 and

140 cm−1, and to 0.8 for ν tending to 50 cm−1 from right. In the same regions the

imaginary part tends asymptotically to zero. These plots will be the reference with

which we will compare our reconstructions of β in the next sections.
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(a)

(b)

Figure 4.1: Plots of real(a) and imaginary(b) part of β for the CsBr versus wavenum-

ber expressed in cm−1 in the range between 50cm−1 and 140cm−1[37].
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4.2 Reconstruction of the dielectric function by

using S and φ

In this section we want to show the results about the retrieval of the dielectric func-

tion εs for the CsBr by using the procedure presented in the section 4.1, considering

the scattering coefficient σ reconstructed through the first order approximated for-

mulas 3.19 and 3.20 for S and φ. We already observed that this reconstruction for

S and φ in the weak regime presents an advantage from a practical point of view,

since it needs less signal measurements than the second order procedure(respectively

four and eight). Furthermore, according to the analysis of the indicators IS and

Iφ presented in the subsection 3.4.3, the two retrieval procedures give practically

equivalent results. For these reasons we decided to show the results for β and εs by

exploiting the first order estimation of σ. Let us first present the simulated plots

for the real and imaginary part of β realized setting the following values of epsilonc

and Cmax: epsilonc=10−3(Cmax=0.13), epsilonc=2 · 10−3(Cmax=0.26), epsilonc=3 ·

10−3(Cmax=0.39), epsilonc=4·10−3(Cmax=0.52), epsilonc=5·10−3(Cmax=0.65), epsilonc=6·

10−3 (Cmax=0.78) and epsilonc=7 · 10−3(Cmax=0.92). These plots are shown in the

figures 4.2 and 4.3.

We observe that there is an overall excellent accuracy in the reconstruction of β. Even

for Cmax=0.92, where the shape of the curve is heavily distorted, we can still identify

in our reconstructions the main analytic characteristics of the theoretical curves. In

fact the zero value for the real part and the peak for the imaginary part at ν=101 cm−1

are observable in our reconstructions, as well as the asymptotic behaviour. These re-

sults prove that a reconstruction of the optical properties of the sample exploiting

the procedure explained in the section 4.1 can be implemented with success in all

the weak regime, since the fingerprints of the material are present in our retrieved
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 4.2: Plots of real(plot on the left) and imaginary part(right) of β for the CsBr

versus wavenumber expressed in cm−1 for epsilonc=10−3(a), (b), epsilonc=2·10−3(c),

(d), epsilonc=3 · 10−3(e), (f), epsilonc=4 · 10−3(g), (h).
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(a) (b)

(c) (d)

(e) (f)

Figure 4.3: Plots of real(left) and imaginary part(right) of β for the CsBr versus

wavenumber expressed in cm−1 for epsilonc=5 · 10−3(a), (b), epsilonc=6 · 10−3(c),

(d), epsilonc=7 · 10−3(e), (f).
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plots also for values of C close to 1. Let us recall that this is very important from an

experimental point of view, since higher values of C imply a higher Signal to Noise

Ratio.

The last step of the procedure consists of the retrieval of εs by using the equation 4.5.

We insert the values of β corresponding to the figures 4.2 and 4.3 into this formula

and we obtain plots of the real and imaginary part of the dielectric function corre-

sponding to the same values of epsilonc already considered. These plots are shown in

figures 4.4 and 4.5. In this case we notice that the shape of the real part theoretical

plot is reproduced with satisfactory agreement for the first two considered values of

epsilonc. The plot in figure 4.4(e) reproduces the general trend of the theoretical

plot, and most of all it is still possible to indetify the Reststrahlen region: the values

of the function between the two phonon resonances wavenumbers(73 cm−1 and 110

cm−1) are all negative. Relevant differences are present in the absolute maximum

and minimum values.

In the figures 4.4(g) and 4.3(a),(b),(e) we can identify with good accuracy the phonon

resonances, since the plots present zero values for wavenumbers in proximity of 73

cm−1 and 110 cm−1. But in the region between these resonances, the reconstructed

function assumes also positive values, which is absolutely in disagreement with the

theory. The passage from negative to positive values in the reconstructed graphics

occurs around 80 cm−1, and observing the plots of the reconstructions of β(which

we use to retrieve the plots of epsilons by the formula 4.5) we immediately notice

that in that region the most relevant differences with the theoretical trend occur. At

this point wee can observe the graphics for the indicators IS about the first order

reconstruction, shown in figure , noticing that around 80 cm−1 these plots present an

absolute maximum. Then we understand that the discrepancies in β are due to the

reduced accuracy of the reconstruction of S in that wavenumber region. Therefore it
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 4.4: Plots of real(plot on the left) and imaginary part(right) of εs for the CsBr

versus wavenumber expressed in cm−1 for epsilonc=10−3(a), (b), epsilonc=2·10−3(c),

(d), epsilonc=3 · 10−3(e), (f), epsilonc=4 · 10−3(g), (h).
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(a) (b)

(c) (d)

(e) (f)

Figure 4.5: Plots of real(left) and imaginary part(right) of εs for the CsBr versus

wavenumber expressed in cm−1 for epsilonc=5 · 10−3(a), (b), epsilonc=6 · 10−3(c),

(d), epsilonc=7 · 10−3(e), (f).
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is clear that even if the reconstructions of β result generally accurate also in proximity

of C=1, small differences with the theoretical plot imply large errors in the retrieval

of εs.

Furthermore let us consider the plots of Im(εs). The presence of a peak at 73 cm−1

is correctly reproduced in the figures 4.4(b) and (d), even if the value of the maxi-

mum is not in agreement with the theoretical plot. This is due to the presence of a

singularity when we use the formula 4.5. In fact according to the theory, the value

of Re(β) is precisely 1 at 73 cm−1, while the imaginary part has value zero. We

can straightforwardly see that for β tending to 1, εs tends to infinite according to

equation 4.5, i.e. there is a singularity for the wavenumber corresponding to the TO

phonon resonance. This prevent a precise retrieval of the peak value of Im(εs), when

we perform the reconstruction.

Similarly to the analysis of the real part, we have relevant differences with the theoret-

ical plot around 80 cm−1 also for Im(β), for the considered higher values of epsilonc.

This affects an accurate retrieval of Im(ε) in that wavenumber region, so that the

resulting plots do not present good agreement with the reference one.

In conclusion, the performed analysis of the results shows that the presented pro-

cedure allows an accurate reconstruction of β also for values of C very close to 1,

while some problems occurs when we apply the formula 4.5 to retrieve εs, since small

discrepancies with the theory for the reconstruction of β imply relevant differencies

for the dielectric function.
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4.3 Reconstruction of the dielectric function by

using sn and φn

In this section we will show simulation results about reconstructions of β and φ

by using the harmonics of the scattering coefficient retieved through the first order

approximated formulas 3.69 and 3.70. In particular, we consider the harmonics for

n=0,...,5 in the sum written in the equation 2.9 and we calculate σ as

σ(t) =
5∑

n=−5

sne
iφneinΩt =

=
5∑

n=−5

2sne
iφncos(nΩt) (4.6)

where we used the identities sn=s−n and φn=φ−n already justified in the Chapter

2(see section 2.4).

Using σ expressed by equation 4.6 we calculate αeff by using equation 1.44 and then

β according to the procedure presented in 4.1.

Let us show the numerical results for the reconstruction of β for the same values of

epsilonc alredy considered for the simulations shown in section 4.2. They are shown

in figures 4.6 and 4.7. Similarly to the previous section, we have a good agreement

with the theoretical plots in all the weak regime, with the most relevant discrepancies

at higher feedback for wavenumber values around 80 cm−1.

Let us now consider the plots of εs shown in figures 4.8 4.9. Also in this case, as well

as for the reconstruction by using S and φ, the position of the zero values of the real

part are in agreement with the theoretical trend in all the weak regime, and allows to

extract the information about the phonon resonances. Relevant discrepancies occur

around 80 cm−1, because of the behaviour of the reconstructions of β for those values

of wavenumber at higher feedback.

Therefore it is clear that our procedure gives good results for the retrieval of β also for
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 4.6: Plots of real(plot on the left) and imaginary part(right) of β for the CsBr

versus wavenumber expressed in cm−1 for epsilonc=10−3(a), (b), epsilonc=2·10−3(c),

(d), epsilonc=3 · 10−3(e), (f), epsilonc=4 · 10−3(g), (h).
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(a) (b)

(c) (d)

(e) (f)

Figure 4.7: Plots of real(left) and imaginary part(right) of β for the CsBr versus

wavenumber expressed in cm−1 for epsilonc=5 · 10−3(a), (b), epsilonc=6 · 10−3(c),

(d), epsilonc=7 · 10−3(e), (f).
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 4.8: Plots of real(plot on the left) and imaginary part(right) of εs for the CsBr

versus wavenumber expressed in cm−1 for epsilonc=10−3(a), (b), epsilonc=2·10−3(c),

(d), epsilonc=3 · 10−3(e), (f), epsilonc=4 · 10−3(g), (h).
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(a) (b)

(c) (d)

(e) (f)

Figure 4.9: Plots of real(left) and imaginary part(right) of εs for the CsBr versus

wavenumber expressed in cm−1 for epsilonc=5 · 10−3(a), (b), epsilonc=6 · 10−3(c),

(d), epsilonc=7 · 10−3(e), (f).
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C close to 1, while the reconstruction of the dielectric function is affected by the same

problems as in previous section, which we explain with the presence of a singularity

and small differences in β which are amplified when we want to determine εs.
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Conclusions and perspectives

The purpose of this work was to develop original methods aimed to retrieve the di-

electric function of a material resonant in the THz region by exploiting a SD s-SNOM

configuration.

In order to determine the dielectric function we preliminarly found in two different

feedback regimes several reconstructions of the scattering coefficient which character-

izes the exploited configuration.

We considered first the very weak feedback regime. The treatment in this regime has

been developed considering that the variations in the laser frequency due to the op-

tical feedback are negligible. An analytic reconstruction of modulus and phase of the

scattering coefficient was found and tested by performing simulations applied to the

Cesium Bromide, a material resonant in the THz region. The found method exploits

only two signal measurements and gives good results according to the simulations.

Furthermore, in the same regime, an analytic reconstruction of the scattering coeffi-

cient harmonics was found. This method is based on approximated formulas where

the harmonics of two signals are needed to perform the calculation. This retrieval

procedure is directly applicable to experimental data, since in SNOM devices the

detection part is always equipped with a lock-in amplifier.

Then we considered the weak regime. This regime is characterized by higher feedback

strength and, therefore, higher Signal to Noise Ratio. It is not possible to neglect

the variations in the laser frequency due to the feedback, and a different mathemat-
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ical approach has been adopted. The exploited approach is based on Taylor series

expansions and allows to write approximated expressions for the laser frequency and

the voltage across the self-mixing signal. By manipulating these expressions, a first

order and a second order analytic reconstruction for the scattering coefficient has

been found. The first order retrieval proocedure exploits four signal measurements,

while the second order one requires eight signals to be implemented. According to the

simulations the two methods give equivalent results and, since the first order method

needs less measurements to be implemented, it results preferable.

Also a second order numerical reconstruction exploiting only two signal measurements

has been proposed. While it may be convenient because of the smaller number of

needed measurements the drawback is that it relies on a pre-evaluation of an approx-

imated solution. This makes it of course less appealing with respect to the previous

methods.

Furthermore, a first order approximated analytic reconstruction of the scattering coef-

ficient harmonics, valid in the weak regime, has been found. In the retrieved formulas

four signal harmonics are needed to retrieve the scattering coefficient harmonics. This

method was compared with the one valid in the very weak regime aimed to retrieve the

same quantities. According to the performed analysis, the first order reconstruction

results more accurate in the Reststrahlen region of the considered sample resonant

material(CsBr). Outside this region numerical problems are found and refinements

of the reconstruction method will be devised in the future.

In the last part of this work the retrieval of the dielectric function is performed, by

exploiting the scattering coefficient reconstructions previously introduced. Good re-

sults are obtained for some regimes. Close to the upper boundary of the weak regime,

we noticed numerical problems linked to the errors in the scattering coefficient recon-

struction. Also in this case future refinings are needed to extend the accuracy of the
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method up to the border of the weak regime.

Another possible future improvement of the study realized in this work concerns the

introduction of a model for the background scattering into the mathematical treat-

ment already developed, and numerical simulation will be performed.

Furthermore, it would be interesting to study and develop a model for the SD s-

SNOM in the moderate feedback regime, where the Signal to Noise Ratio is higher

then the regimes treated in this work. The mathematical approach for this study

must be radically changed, since in the moderate regime the phase excess equation

presents multiple solutions.
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Appendix A: Kliese algorithm

In this appendix we present the Matlab code which implements the Kliese algorithm[39],

a numerical algorithm largely used in order to find the solutions of the phase excess

equation of the Lang Kobayashi model in every feedback regime, i.e. for an arbitrary

value of the feedback parameter C.

In this work we introduced a complex scatering coefficient into the Lang Kobayashi

model, so that also the phase excess equation results modified.

The Kliese algorithm was adapted to this case and the simulations were performed by

exploiting a variant of the code illustrated in [39]. The program listing is reported.

function omegatau = selmixpowernew (C, phi0, alpha,phi1)

if (C<= 1.0)

[phimin, phimax] = boundsweak (C, phi0);

else

[phimin, phimax] = boundsstrong (C, phi0, alpha,phi1);

end

excessphase = @(x)x - phi0 + C*sin(x + atan (alpha)-phi1);

if (excessphase (phimin) > 0)

excessphase (phimin)

phi = phimin;

elseif (excessphase (phimax) < 0)
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excessphase (phimax)

phi = phimax;

else

phi = fzero (excessphase, [phimin, phimax]);

end

omegatau = phi;

end

function [phimin, phimax] = boundsweak (C, phi0)

phimin = phi0 - C;

phimax = phi0 + C;

end

function [phimin, phimax] = boundsstrong (C, phi0, alpha,phi1)

persistent m;

if isempty (m); m = 0; end

mlower = ceil ((phi0 + atan (alpha)- phi1 +

+acos (1/C) - sqrt (C*C - 1))/(2*pi) - 1.5);

mupper = floor ((phi0 + atan (alpha) - phi1+

-acos (1/C) + sqrt (C*C - 1))/(2*pi) - 0.5);

if (m < mlower); m = mlower; end

if (m > mupper); m = mupper; end

phimin = (2*m+1)*pi + acos (1/C) - atan (alpha)+phi1;

phimax = (2*m+3)* pi - acos (1/C) - atan (alpha)+phi1;

end



Appendix B: Code for SD s-SNOM

simulations

In this work the SD s-SNOM configuration was simulated by using the code presented

in this appendix.

In the first part of the program listing all the parameters of self-mixing configuration

and FD model are introduced. Then a wavenumber variation is performed, by ex-

ploiting a first loop. A second loop allows to simulate the tip oscillation. Then the

Kliese algorithm modified in presence of a complex scattering coefficient is exploited

to solve the phase excess equation. In the last part of the code the self-mixing signal

is generated.

tau_c=37.4e-12; %laser cavity round trip time (s)

tau_p=32.4e-12; %photonlife time (s)

Ipp= 1.5 ; %pump power normalized

alpha=1.5 ; %alpha factor

%alpha=0 ;

bet=atan(alpha);

c=3e+8; %m/s

%modulation parameters
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z0=0.6; %initial tip-laser distance (m)

zA=105e-9; %modulation amplitude (m)

numod=15380; %modulation frequency (Hz)

Om=2*pi*numod; %modulation angular frequency (Hz)

% self-mixing signal generation

tfin=1*(1/numod); % duration of a tip oscillation (s)

tin=0.0; % initial time

FS=40*numod;

dt=1/FS; % time step (s)

t=(tin:dt:tfin); %integration time during a single period(s)

numvol=20; % number of periods in the SMI signal extension

epsilonc=2*1.0*1e-3; % coupling factor (SMI)

V=2*epsilonc*tau_p/tau_c;

%Finite_dipole parameters

a=70e-9; %tip radius (m)

et=-100000+1i*215000; %relative permittivity of the tip

alpha_aa=4*pi*a^3*(et-1)/(et+2); %polarizability of the tip

omega_lo=110.0; %cm^-1

omega_to=73.0; %cm^-1

Gamma_r= 4.0; %cm^-1

L=1800e-9; % spheroid length (fitting parameter) (m)
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L=530e-9;

g=0.9*exp(0.08*1i); % interaction fraction parameter

g=0.98*exp(0.08*1i);

Om_THz=90 %laser wave number (cm^-1);

z=zA+zA*cos(Om*t); %target-tip distance (m)

%Wave numbers variation

for jjj=1:300

f1(jjj)=50+(jjj)*90/300;

om_THz=f1(jjj);

% CsBr complex permittivity (palik)

es1(jjj)= 2.58*(1+((omega_lo)^2-...

(omega_to^2))/(omega_to^2-om_THz^2-1i*om_THz*Gamma_r));

%Fresnel parameter

rp1(jjj)=((es1(jjj))*cos(pi/3)-sqrt((es1(jjj))-(sin(pi/3))^2))/...

((es1(jjj))*cos(pi/3)+sqrt((es1(jjj))-(sin(pi/3))^2));

beta_aa(jjj)=(es1(jjj)-1)/(es1(jjj)+1);

for jI0=1:length(t) %loop over z

taub1=(2.d0/c)*(z0+2*zA-z(jI0))/tau_p;

alpha_eff11(jjj,jI0)=(a^2*L*((L*(et-1)*...

(2*L*sqrt(1-a/L)+a*log((1-sqrt(1-a/L))^2/(a/L)))))...

/(2*L*sqrt(1-a/L)*(L-a*et)-...

a*L*(et-1)*log((1-sqrt(1-a/L))^2/(a/L))))*

(2+((g*L-a-z(jI0))*beta_aa(jjj)*log(L/....

(z(jI0)+3*a/4))/((z(jI0)-g*L+3*a/...

4)*beta_aa(jjj)*log(L/(z(jI0)+a/2))+L*log(4*L/a))));

Kc1=abs(att*((1+rp1(jjj))^2)*alpha_eff11(jjj,jI0)); %modulus scattering parameter (S)
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phi11=atan2(imag(((1+rp1(jjj))^2)*alpha_eff11(jjj,jI0)),...

real(((1+rp1(jjj))^2)*alpha_eff11(jjj,jI0)));

CC1=(epsilonc*Kc1*taub1*tau_p/tau_c)*sqrt(1+alpha^2); % C

eps=epsilonc*(taub1)*tau_p/tau_c;

omega00=f1(jjj);

omega0=2*pi*c*f1(jjj)*100*tau_p;

phi00=omega0*taub1;

omegasol=selmixpowernew(CC1, phi00, alpha, phi11);

deltaNtest1(length(t)*(jjj-1)+jI0)=...

2*epsilonc*Kc1*(tau_p/tau_c)*cos(omegasol-phi11);

tplot(length(t)*(jjj-1)+jI0)=tfin*(jjj-1)+t(jI0);

end

if jjj==1

for ii=1:numvol

if ii==1

for jI0=1:length(t)

deltaNtest2(jI0)=deltaNtest1(jI0);

end

else

for jI0=1:length(t)

deltaNtest2((ii-1)*length(t)+(jI0-ii+1))=deltaNtest1(jI0);

end

end

end

else

for ii=1:numvol
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if ii==1

for jI0=1:length(t)

deltaNtest2((-numvol+1+numvol*length(t))*(jjj-1)+(jI0))=...

deltaNtest1(length(t)*(jjj-1)+jI0);

end

else

for jI0=1:length(t)

deltaNtest2((-numvol+1+numvol*length(t))*(jjj-1)+...

(ii-1)*length(t)+(jI0-ii+1))=deltaNtest1(length(t)*(jjj-1)+jI0);

end

end

end

end

end
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Appendix C: Program generating

signal harmonics

In this appendix we report the program listing of the code that we used in this work

to generate the harmonics of a given signal. In particular, it was used to calculate

the harmonics of the self-mixing signals and also to generate the harmonics of the

scattering coefficient σ calculated by using the Finite Dipole model.

The program exploits the application of the matlab function FFT on the signal.

deltaNlock=deltaNtest2;

tplotlock=tplot2;

win=(-numvol+1+numvol*length(t));

Nsec=floor(length(deltaNlock)/win); % number of windows in the time trace

if Nsec==1

win=(numvol*length(t));

end;

deltaNtest3=deltaNlock;

for jjj=1:Nsec

jjj

for jI0=1:win

deltaNtest2f(jI0)=deltaNtest3((jjj-1)*win+jI0);
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deltaNtest2f_quad(jI0)=deltaNtest3_quad((jjj-1)*win+jI0);

deltaNtest2f_pi(jI0)=deltaNtest3_pi((jjj-1)*win+jI0);

deltaNtest2f_mquad(jI0)=deltaNtest3_mquad((jjj-1)*win+jI0);

end

NFFT = length(deltaNtest2f);

Y = (fft(deltaNtest2f,NFFT))/(NFFT); %FFT of SMI signal

Yre=real(Y);

Yim=imag(Y);

f = FS*(1:(NFFT))/(NFFT); %frequencies (Hz)

maximo0(jjj)=0;

maximo1(jjj)=0;

maximo2(jjj)=0;

maximo3(jjj)=0;

maximo4(jjj)=0;

maximo5(jjj)=0;

maximo0f(jjj)=0;

maximo1f(jjj)=0;

maximo2f(jjj)=0;

maximo3f(jjj)=0;

maximo4f(jjj)=0;

maximo5f(jjj)=0;

jmax0=0;

jmax1=0;

jmax2=0;

jmax3=0;

jmax4=0;
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jmax5=0;

for jI0=1:length(f)

if f(jI0) > (-numod/2) & f(jI0) < (+numod/2)

if abs(Y(jI0)) > sqrt(maximo0(jjj)^2+maximo0f(jjj)^2)

maximo0(jjj)=Yre(jI0);

maximo0f(jjj)=Yim(jI0);

jmax0=jI0;

end

end

if f(jI0) > (numod-numod/2) & f(jI0) < (numod+numod/2)

if abs(Y(jI0)) > sqrt(maximo1(jjj)^2+maximo1f(jjj)^2)

maximo1(jjj)=Yre(jI0);

maximo1f(jjj)=Yim(jI0);

jmax1=jI0;

end

end

if f(jI0) > (2*numod+numod/2) & f(jI0) < (3*numod+numod/2)

if abs(Y(jI0))>sqrt(maximo3(jjj)^2+maximo3f(jjj)^2)

maximo3(jjj)=Yre(jI0);

maximo3f(jjj)=Yim(jI0);

jmax3=jI0;

end

end

if f(jI0) > (4*numod+numod/2) & f(jI0) < (5*numod+numod/2)

if abs(Y(jI0)) > sqrt(maximo5(jjj)^2+maximo5f(jjj)^2)
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maximo5(jjj)=Yre(jI0);

maximo5f(jjj)=Yim(jI0);

jmax5=jI0;

end

end

end

end
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